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This paper proposes an algorithm for express solutions in
nonlinear structural dynamics. Our strategy is to adopt a
typical time integrator and accept the solution after a con-
stant number of iterations using a constant Jacobianmatrix.
Its successmay not be initially obvious, butwe demonstrate
that the proposed algorithmnot only is fully operational but
also inherits the advantages of the host time integrators
such as the unconditional stability, the order of accuracy,
and the numerical dissipation that helps suppress the spuri-
ous higher-mode oscillation. The use of a constant Jacobian
matrix plays the key role in minimizing the computational
expense associated with matrix operations. We first study
the optimization of the number of iterations, then present
the consistency and stability analysis followed by some ex-
amples verifying these features, and conclude by showing
the exponential efficiency improvement in a response his-
tory analysis of a high-rise building fully equippedwith non-
linearities.
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1 | INTRODUCTION

In nonlinear dynamic analyses of structures, a numerical time integrator evaluates the transient response at discrete
times and approximates the nonlinear behavior by integration over a time step. A variety of unconditionally stable
time integrators have been developed [1, 2, 3, 4, 5, 6, 7, 8, 9]. They may be preferred to the conditionally stable ones,
e.g., the central difference integrator [10], because they allow larger time steps that may result in fewer increments
and faster solution. This paper is primarily focused on the class of unconditionally stable integrators.

Over each time step, nonlinear equations are solved by an iterative process until convergence is achieved [11, 12].
The required number of iterations may be large if stringent convergence criteria are used. In iteration, the Jacobian
matrix is evaluated and factorized. For large-scale systems, the solution may be slowed down by these expensive
matrix operations. Error analyses showed that, for a variety of numerical methods, the iterative process can be termi-
nated when its error is reduced to be comparable to the inherent error of the numerical method [13, 14, 15, 16]. This
implies no more than two Newton or three modified Newton iterations for typical numerical methods [13]. Existing
researches focused on first-order systems or their equivalence and have rarely applied to dynamic analysis. We are
hopeful to fill the gap in this study and provide profound benefits in nonlinear structural dynamics.

In this paper, we propose to accept the solution after a constant number of iterations using a constant Jaco-
bian matrix and advance to the next time step in nonlinear dynamic analyses. We determine the optimal number
of iterations by analyzing the error evolution in the iteration and comparing it against the inherent error of the time
integrator. The proposed algorithm applies to most commonly used time integrators. Via an example application to
the Newmark integrator, we verify the consistency, stability, and other advantages of the proposed algorithm. The
superior efficiency of the proposed algorithm is demonstrated through its use in a nonlinear response history analysis
of a reinforced-concrete high-rise building.

2 | BACKGROUND

Consider the equation of motion for a nonlinear dynamic system in Equation (1).

Ma +Cv + FS (u) = P (t ) (1)

where M and C are the constant mass and damping matrices, respectively; P is the time-varying external load
vector; u, v, and a are the displacement, velocity, and acceleration vectors, respectively; and FS is the restoring force
vector. A time integrator solves the transient problem by a temporal discretization and an integration of the governing
equation from time t i to t i+1 based on some approximation. The Newmark integrator, for example, approximates the
variation of motion over a time step based on Equations (2) and (3) with the parameters β and γ.

vi+1 = vi + [ (1 − γ)∆t ] ai + (γ∆t )ai+1 (2)

ui+1 = ui + (∆t )vi +
[
(0.5 − β ) (∆t )2

]
ai +

[
β (∆t )2

]
ai+1 (3)
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They can be equivalently expressed as Equations (4) and (5).

ai+1 =
1

β (∆t )2
(ui+1 − ui ) −

1

β∆t
vi +

(
1 − 1

2β

)
ai (4)

vi+1 =
γ

β∆t
(ui+1 − ui ) +

(
1 − γ

β

)
vi +

(
1 − γ

2β

)
∆tai (5)

where ui , vi , and ai are known approximations of u(t i ) , v (t i ) and a(t i ) , respectively, and ∆t is the time step.

The time integrator then determines the unknown responses at time t i+1 that satisfy Equation (6).

Mai+1 +Cvi+1 + FS,i+1 = Pi+1 (6)

where FS,i+1 = FS (ui+1) . Substitution of Equation (4) to (6) yields a nonlinear equation of ui+1 to be solved [Equation
(7)].

Ri+1 (ui+1) =Mai+1 +Cvi+1 + FS,i+1 −Pi+1 = 0 (7)

Suppose that after j cycles of iteration, u(j )
i+1

is an estimate of the unknown displacement ui+1. The next iteration
provides an improved estimate u(j+1)

i+1
. The Newton algorithm improves the estimate by the recursion of Equation (8).

u
(j+1)
i+1

= u
(j )
i+1
−

[
J
(j )
i+1

]−1
R
(j )
i+1

(8)

whereR(j )
i+1

is the residual force vector and J (j )
i+1

is the Jacobian matrix after j cycles of iteration. They are determined
by Equations (9) and (10).

R
(j )
i+1

=Ma
(j )
i+1

+Cv
(j )
i+1

+ F
(j )
S,i+1 −Pi+1 (9)

J
(j )
i+1

=
∂R

∂u

����
u
(j )
i+1

=
∂FS
∂u

����
u
(j )
i+1

+
γ

β∆t
C +

1

β (∆t )2
M (10)

The process is repeated until a certain criterion of convergence is satisfied, e.g., the displacement norm criterion in
Equation (11). Then a new time step commences.


u(j+1)i+1

− u(j )
i+1




 < ε (11)

where ε is the convergence tolerance.
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3 | THE PROPOSED ALGORITHM

We proposed an algorithm using a different strategy for improving the estimate. It accepts the solution after perform-
ing N iterations using a constant Jacobian matrix J0 [Equations (12) to (14)].

ui+1 = u
(N )
i+1

(12)

u
(j+1)
i+1

= u
(j )
i+1
− J−10 R

(j )
i+1

(13)

J0 = σK0 +
γ

β∆t
C +

1

β (∆t )2
M (14)

whereK0 =
∂FS
∂u

���
u=0

is the initial stiffness matrix and σ is a scaling factor that supports unconditional stability [17]
to be discussed in Section 5. The implementation of the proposed algorithm is summarized as follows.

(1) Before time-stepping, evaluate J0 by Equation (14) and a0 by Equation (1).
(2) During time-stepping, start with a first estimate [Equation (15)].

u
(0)
i+1

= ui

v
(0)
i+1

=

(
1 − γ

β

)
vi +

(
1 − γ

2β

)
∆tai

a
(0)
i+1

= − 1

β∆t
vi +

(
1 − 1

2β

)
ai

(15)

(3) Perform N iterations using Equations (13) and (16).

a
(j+1)
i+1

=
1

β (∆t )2
[
u
(j+1)
i+1

− ui
]
− 1

β∆t
vi +

(
1 − 1

2β

)
ai

v
(j+1)
i+1

=
γ

β∆t

[
u
(j+1)
i+1

− ui
]
+

(
1 − γ

β

)
vi +

(
1 − γ

2β

)
∆tai

(16)

(4) Accept the solutions, advance to the next time step, and repeat Steps (2) to (4).

4 | OPTIMIZATION OF THE NUMBER OF ITERATIONS

The gross error of a numerical solution comprises the error between the exact and estimated solutions of the nonlinear
equation [Equation (7)] and the inherent error of the time integrators induced by temporal discretization. The overall
accuracy is governed by the contributor associated with the larger error. For instance, the Newmark integrator is
second-order accurate [18] in that the error between u(t i ) and its approximation ui is proportional to ∆t 2. If the
error in solving the nonlinear equation is proportional to ∆t , then the gross error is proportional to ∆t . On the other
hand, the accuracy cannot be improved beyond second-order even if the solution of the nonlinear equation is exact.
By inspecting the evolution of error in the iterative process, we can determine the minimum number of iterations to
achieve the same order of accuracy as the host integrator and consider it as the optimal number of iterations in the
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proposed algorithm.

The inherent error of the time integrator is characterized by its local truncation error τ [19] which is defined in
Equation (17) as the error in Step i + 1 assuming knowledge of the true solution at the previous steps, i.e. ui = u(t i ) ,
vi = v (t i ) , and ai = a(t i ) .

τ = y (t i+1) − yi+1 (17)

where y (t i+1) = [u(t i+1) v (t i+1) ]T and yi+1 = [ui+1 vi+1 ]T. On the other hand, Equation (18) defines the error in
the solution of the nonlinear equation [Equation (7)].

δ (j+1) = yi+1 − y (j+1)i+1
(18)

where y (j+1)
i+1

=
[
u
(j+1)
i+1

v
(j+1)
i+1

]T
. Consequently, the gross error is calculated by Equation (19).

L = y (t i+1) − y (j+1) = τ + δ (j+1) (19)

If ‖τ ‖ = O (∆tm ) and ‖δ (j+1) ‖ = O (∆t n ) , it can be proved that


y (t i+1) − y (j+1) 


 = 


τ + δ (j+1) 


 = O (
∆tmin(m,n )

)
(20)

The optimal number of iterations of the proposed algorithm is theminimum N that results in δ (N ) of an equal or higher
order of accuracy than τ .

By combining Equations (4), (5), (7), (9), (14) and (16), we can get

−R(j )
i+1

= Ri+1 −R(j )i+1 = (J0 − σK0)
[
ui+1 − u(j )i+1

]
+ FS,i+1 − F

(j )
S,i+1 (21)

By substituting Equation (13) into Equation (21) and rearranging the equation, we can get Equation (22).

ui+1 − u(j+1)i+1
= σJ−10 K0

[
ui+1 − u(j )i+1

]
− J−10

[
FS,i+1 − F

(j )
S,i+1

]
(22)

Assuming the restoring force is a Lipschitz continuous function of displacement [19], there exists a constant K ≥ 0
such that 


FS,i+1 − F

(j )
S,i+1




 ≤ K 


ui+1 − u(j )i+1


 (23)

and that

‖K0 ‖ ≤ K (24)

One can also find that




J−10 


 = 




[σK0 (∆t )2 +
γ

β
C∆t +

1

β
M

]−1




∆t 2 = O (
∆t 2

)
(25)
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By applying Equations (23) to (25) to calculate the norm of Equation (22), we get


ui+1 − u(j+1)i+1




 = O (
∆t 2

) 


ui+1 − u(j )i+1


 (26)

The reduction of the recursion yields the error in displacement after N iterations.


ui+1 − u(N )i+1




 = O (
∆t 2N

) 


ui+1 − u(0)i+1


 (27)

If vi , ai , and ai+1 are bounded, then Equation (3) implies that the error in the initial estimate is proportional to ∆t .


ui+1 − u(0)i+1


 = ‖ui+1 − ui ‖ = O (∆t ) (28)

Therefore, 


ui+1 − u(N )i+1




 = O (
∆t 2N+1

)
(29)

Correspondingly, the error in the velocity responses can be assessed as




vi+1 − v (N )i+1




 = 



 γ

β∆t

[
ui+1 − u(N )i+1

]



 = O (
∆t 2N

)
(30)

Then, the error in the solution of Equation (7) after N iterations is


δ (N ) 


 = 


yi+1 − y (N )i+1




 = O (
∆t 2N

)
(31)

This analysis suggests that two iterations reduce ‖δ ‖ to be less than the inherent error of the Newmark integrator
‖τ ‖ = O

(
∆t 3

)
when γ = 0.5 [12]. Therefore, N = 2 is the optimal number of iterations for the Newmark integrator.

In the following sections, we refer the proposed algorithm to the one with N = 2. The optimal number of iterations
for other integrators can be determined similarly. An example application to higher-order integrators is illustrated in
Appendix C.

The consistency of the proposed algorithm can be alternatively confirmed by directly evaluating the gross local
error as follows. First, we establish a difference equation [20] that correlates the numerical solutions [Equation (32)].

u
(2)
i+1

= f
(
u
(2)
i
,u
(2)
i−1,u

(2)
i−2

)
(32)

By substituting the true displacement into Equation (32), the gross local error can be calculated by Equation (33). The
detailed derivation is provided in Appendix A.

u(t i+1) − u(2)i+1 = (γ − 0.5)A
−1
0 M

[
Ca(t i ) +KTv (t i ) −

dP
dt

]
∆t 3 +O

(
∆t 4

)
(33)

whereKT =
∂FS
∂u

���
u(t i )

andA0 =
(
βσK0∆t

2 + γC∆t +M
)2
. When γ = 0.5, the errors in displacement and velocity
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become

u(t i+1) − u(2)i+1 = O
(
∆t 4

)
v (t i+1) − v (2)i+1 = O

(
∆t 3

) (34)

which implies that the gross local error is proportional to ∆t 3 and confirms that the solution with the proposed algo-
rithm is second-order accurate. The stiffness scaling factor σ does not affect the order of accuracy.

The consistency of the proposed algorithm is demonstrated by analyzing the responses of two nonlinear single-
degree-of-freedom (SDOF) systems subjected to a sinusoidal load [Figure 1(a)]. The systems have a mass of m = 1

and a viscous damper of c = 0.1. One system has an elastoplastic spring [Figure 1(b)] and the other has a nonlinear
elastic hardening spring [Figure 1(c)]. The systems collectively cover the typical behaviors of structures. Both springs
have an initial stiffness of k0 = 1.0 and a yield strength of fy = 1.0. The elastoplastic spring has a post-yield stiffness
of ks = 0.5, whereas the nonlinear elastic hardening spring has a hardening stiffness of kh = 1.5.

The Newmark integrator with γ = 0.5 and β = 0.25 is used with the Newton and proposed algorithms. A conver-
gence tolerance of ε = 10−8 in Equation (11) is specified with the Newton algorithm. The solution with the Newton
algorithm and a time step of ∆t = 10−5 is used as the reference for the error estimate. The errors in the displacement,
velocity, and acceleration responses at t = 15 for different time steps are summarized in Figure 2. The solutions with
the Newton and proposed algorithms are second-order accurate for both systems. The same conclusion holds for all
systems with a restoring force being a Lipschitz continuous function of displacement.

5 | LINEAR STABILITY ANALYSIS

In this section, we use the energy method [21, 22] to derive the criteria of unconditional stability for the proposed
algorithm. First, we establish relationships in Equations (35) to (37) by combining the first variations [23] of Equations
(9), (13), (15) and (16).

J0

[
δu
(2)
i+1
− δui

]
= θ

(
Ĉδvi + M̂δai −KTδui

)
(35)

δv
(2)
i+1

=
γ

β∆t

[
δu
(2)
i+1
− δui

]
+

(
1 − γ

β

)
δvi +

(
1 − γ

2β

)
∆t δai (36)

δa
(2)
i+1

=
1

β (∆t )2
[
δu
(2)
i+1
− δui

]
− 1

β∆t
δvi +

(
1 − 1

2β

)
δai (37)



8 Xu, Huang, Qu

where

θ = 2I − JTJ−10

JT =KT +
1

β (∆t )2
M +

γ

β∆t
C

Ĉ =
1

β∆t
M +

(
γ

β
− 1

)
C

M̂ =

(
1

2β
− 1

)
M + ∆t

(
γ

2β
− 1

)
C

(38)

where I is the identity matrix. The residual force vector at Step i and its first variation are then defined in Equations
(39) and (40).

PR =Mai +Cvi + FS (ui ) −Pi (39)

δPR =Mδai +Cδvi +KTδui (40)

Combining Equations (35) to (37) and (40) gives Equation (41).

1

2

[
δa
(2)
i+1

]T
U1δa

(2)
i+1

+
1

2

[
δv
(2)
i+1

]T
U2δv

(2)
i+1

+
[
δv
(2)
i+1

]T
θδPR

=
1

2
δaTi U1δai +

1

2
δvTi U2δvi + δv

T
i θδPR

− 1
4

[
δa
(2)
i+1

+ δai

]T
U3

[
δa
(2)
i+1

+ δai

]
−

[
δa
(2)
i+1
− δai

]T
U4

[
δa
(2)
i+1
− δai

] (41)

where

U1 =

[
γ

2β
θ +

(
1 − γ

2β

)
I

]
∆tM +

[(
γ +

γ2

2β
− 1

)
θ + γ

(
1 − γ

2β

)
I

]
∆t 2C +

(
β − γ

2

)
∆t 3σK0

U2 =
1

β∆t
(I − θ)M +

γ

β
(I − θ)C + ∆t σK0

U3 = ∆t
2θC

U4 =
2γ − 1
4

[
γ

β
θ +

(
2 − γ

β

)
I

]
∆tM +

[(
γ2

β
− 1

)
θ + γ

(
2 − γ

β

)
I

]
∆t 2C + (2β − γ)∆t 3σK0

(42)

We can show that if Equation (43) is satisfied,

γ ≥ 0.5 (43a)

β ≥ 0.5γ (43b)

KT � 0 (43c)

2σK0 −KT � 0 (43d)
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then U1, U2, U3, and U4 are positive semi-definite and Inequality (44) follows.

1

2

[
δa
(2)
i+1

]T
U1δa

(2)
i+1

+
1

2

[
δv
(2)
i+1

]T
U2δv

(2)
i+1

+
[
δv
(2)
i+1

]T
θδPR ≤

1

2
δaTi U1δai +

1

2
δvTi U2δvi + δv

T
i θδPR (44)

It implies that the variations are not growing over time steps and remain bounded, and, therefore, concludes the un-
conditional stability of the numerical solution [21, 22]. The requirement by Equation (43d) is controlled by the scaling
factor σ . One can choose a scaling factor based on the expected stiffness variation of the system to maintain the un-
conditional stability. The responses of an SDOF system with the elastic hardening spring in [Figure 1(c)] demonstrate
the unconditional stability with the proposed algorithm. The parameters of the Newmark integrator are γ = 0.5 and
β = 0.25. The mass of the system is m = 0.01 and the viscous damping coefficient is c = 0.01. The nonlinear elastic
hardening spring has an initial stiffness of k0 = 1.0, a yield strength of fy = 1.0 and a hardening stiffness of kh = 3.0.
The unconditional stability with the Newton algorithm has been well established [21] and is reproduced in Figure 3(a).
For the proposed algorithm, we choose a scaling factor of σ = 2 such that Equation (43d) is satisfied. The numerical
solution remains stable even if the time step is close to the initial period of the system [Figure 3(b)]. If a scaling factor
of σ = 1 is used instead, then Equation (43d) is violated. The solution grows exponentially and loses stability for a
large time step [Figure 3(c)].

6 | DISSIPATION AND DISPERSION

A numerical solution is desired to minimize the dispersion error in terms of amplitude decay and period elongation
for the modes of interest while providing controllable dissipation to suppress spurious oscillation in higher-mode
responses that are insignificant to the solution [24]. This section investigates the effect of the proposed algorithm on
the dissipation and dispersion properties of the Newmark integrator.

A nonlinear SDOF system described by Equation (45) is adopted.

ma + cv + fS (u) = p (t ) (45)

By combining Equations (13), (15) and (16), we obtain Equation (46) in the recursion form.

Yi+1 = AiYi +Li (46)

where Yi =
[
ui vi∆t ai∆t

2
]T, Li is the load vector, andAi is the amplification matrix derived in Appendix B.

The dissipation property is characterized by the spectral radius defined as the largest absolute eigenvalue of the
amplification matrix [2]. Figure 4 compares the spectral radii associated with the Newton and proposed algorithms for
two sets of commonly used Newmark parameters: (a) trapezoidal rule: γ = 0.5, β = 0.25; and (b) γ-damping: γ = 0.6,
β = 0.3025 [2]. A parameter δi = k i /k0 is used to represent the instantaneous degree of nonlinearity [25], where
k i is the tangent stiffness at Step i and k0 is the initial stiffness. δi < 1 indicates a softening system while δi > 1

is associated with hardening. Ti = 2π
√
m/k i is the period. When δi = σ = 1, the spectral radii with the proposed

algorithm are identical to those with the Newton algorithm. For other cases, a slight discrepancy is observed but
convergence is largely achieved when ∆t/Ti > 2. The proposed algorithm does not alter the higher-mode dissipation
property of the Newmark integrator.

For the modes of interest, the errors in numerical solutions are reflected by the amplitude decay and period
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elongation, which can also be derived from the amplification matrix Ai [2]. Figures 5 and 6 compare the amplitude
decay and period elongation induced by the Newton and proposed algorithms for the two aforementioned sets of
Newmark parameters. The errors induced by the proposed algorithm are identical to those induced by the Newton
algorithm when σ = 1 and depart from the Newton algorithm when σ > 1. The discrepancy between Newton and
proposed algorithms is insignificant in practical nonlinear dynamic analyses, where the amplitude decay and period
elongation are predominately attributed to inelasticity. Nevertheless, the smallest σ that satisfies Equation (43d) for
unconditional stability is recommended if a minimum discrepancy is desired. For some hardening systems where a
large σ is required by stability, the errors associated with a typical time step may be large. In these cases, a sufficiently
small time step to obtain the desired accuracy shall be chosen.

7 | NONLINEAR DYNAMIC ANALYSIS OF A HIGH-RISE BUILDING

The proposed algorithm was implemented in the finite element analysis program OpenSees [26] and was used in the
nonlinear dynamic response analysis of a 42-story reinforced concrete frame-core tube high-rise building [27]. The
three-dimensional rendering and plan layout of the building are shown in Figure 7.

A finite element model of the building is available online at Reference [28], which includes 23945 nodes, 23024
fiber beam elements and 16032 multi-layer shell elements [27]. Lumped mass approach is followed. The first three
modal periods are T1 = 3.404s, T2 = 3.091s and T3 = 1.328s, respectively. Rayleigh damping is adopted targeting 5%
damping ratio.

The building is subjected to the 1940 El Centro NS ground motion [29] with a peak ground acceleration (PGA)
of 5.1m/s2. The model was analyzed in OpenSees with the Newmark integrator and a time step of ∆t = 0.01s. The
proposed algorithm is used with a scaling factor of σ = 1 because only softening materials are present and mild
geometric hardening is expected. The Newton algorithm is used with the line search feature and a displacement
convergence tolerance of ε = 10−3m. The roof responses are compared in Figure 8 and Table 1. With the proposed
algorithm, we obtain almost the same responses with significantly reduced computational time than those with the
Newton algorithm (Table 1).

The groundmotion input was further scaled up to PGAs of 12m/s2 and 20m/s2 to evaluate the performance of the
proposed algorithm at higher nonlinearity levels. Figure 9 compares the analysis results of the maximum inter-story
drift ratios (IDRs) and peak floor accelerations (PFAs) along the height by the Newton and proposed algorithms. The
maximum relative errors in the maximum IDRs were 2.1%, 3.8% and 1.7% for the three PGA levels, respectively, and
those in the PFAs were 2.1%, 1.7% and 1.3%. The good agreement confirms that the proposed algorithm provides an
efficient solution approach and versatilely handles moderate to high levels of nonlinearity.

8 | CONCLUSION

This paper proposes a simple and efficient algorithm for nonlinear dynamic analyses, which performs a constant num-
ber of iterations with a constant Jacobian matrix. Using the Newmark integrator as an example, we show that the
proposed algorithm inherits the advantages of the host integrator including the order of accuracy, unconditional sta-
bility, and controllable numerical dissipation. The proposed algorithm offers an attractive approach to improve the
solution efficiency in nonlinear dynamic analyses of large-scale systems. Currently, we are working on incorporating
it in the phase-field damagemodels [31, 32, 33] whose application has been heavily restrained by inefficient numerical
algorithms in solving the coupled system of equations. The relevant topics will be reported elsewhere.
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A | GROSS LOCAL ERROR

By applying Equations (13), (15) to (16) to Steps i , i − 1 and i − 2 and considering the Taylor series of restoring forces
after the first iteration

F
(1)
S,i+1 = F

(2)
S,i +KT

[
u
(1)
i+1
− u(2)

i

]
+O

(
∆t 2

)
F
(1)
S,i = F (2)S,i +KT

[
u
(1)
i
− u(2)

i

]
+O

(
∆t 2

)
F
(1)
S,i−1 = F

(2)
S,i +KT

[
u
(1)
i−1 − u

(2)
i

]
+O

(
∆t 2

) (A.1)

the difference equations for displacements u(2)
i+1

, u(2)
i

, u(2)
i−1, and u

(2)
i−2 in Equation (A.2) can be derived.

u
(2)
i+1

= f
(
u
(2)
i
,u
(2)
i−1,u

(2)
i−2

)
= −A−10

[
B1u

(2)
i

+B2u
(2)
i−1 +B3u

(2)
i−2 +B4F

(2)
S,i +B5F

(2)
S,i−1 +B6F

(2)
S,i−2

−B7Pi+1 −B8Pi −B9Pi−1
]
+O

(
∆t 4

) (A.2)

where

B1 =βσK0 [ (γ + 0.5 − 3β )σK0 + (β − 1)KT ] ∆t 4 +C
[
2β (1 − 2γ)σK0 +

(
γ2 − 0.5γ − β

)
KT

]
∆t 3

+
{
M [ (γ − 0.5)KT − 4βσK0 ] [ (γ − 0.5)KT − 4βσK0 ] + γ (1 − 2γ)C2

}
∆t 2

+M [ (1 − 4γ)C∆t − 2M ]

B2 =βσK0 [ (3β − 2γ)σK0 + (γ + 0.5 − 2β )KT ] ∆t 4 +C
[
2β (γ − 1)σK0 +

(
β + 0.5γ − γ2

)
KT

]
∆t 3

+
{
M [2βσK0 + (0.5 − γ)KT ] + γ (γ − 1)C2

}
∆t 2 +M [ (2γ − 1)C∆t +M ]

B3 =β (γ − β − 0.5)σK0 (σK0 −KT)∆t 4

B4 =
{
β [ (β + 1)σK0 − βKT ]∆t 2 + γC∆t +M

}
∆t 2

B5 =β (γ − 2β + 0.5) (σK0 −KT) ∆t 4

B6 =β (β − γ + 0.5) (σK0 −KT) ∆t 4

B7 =β
[
β (2σK0 −KT)∆t 2 + γC∆t +M

]
∆t 2

B8 =(γ − 2β + 0.5)
[
β (2σK0 −KT)∆t 2 + γC∆t +M

]
∆t 2

B9 =(β − γ + 0.5)
[
β (2σK0 −KT)∆t 2 + γC∆t +M

]
∆t 2

(A.3)

Similarly,

f (u(t i ),u(t i−1),u(t i−2))

= −A−10
[
B1u(t i ) +B2u(t i−1) +B3u(t i−2) +B4FS (u(t i )) +B5FS (u(t i−1)) +B6FS (u(t i−2))

−B7Pi+1 −B8Pi −B9Pi−1
]
+O

(
∆t 4

) (A.4)
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It is trivial to derive the Taylor series in Equation (A.5).

u(t i+1) = u(t i ) + v (t i )∆t +
1

2
a(t i )∆t 2 +

1

6

d3u
dt 3
(t i )∆t 3 +

1

24

d4u
dt 4
(t i )∆t 4 +O

(
∆t 5

)
u(t i−1) = u(t i ) − v (t i )∆t +

1

2
a(t i )∆t 2 −

1

6

d3u
dt 3
(t i )∆t 3 +

1

24

d4u
dt 4
(t i )∆t 4 +O

(
∆t 5

)
u(t i−2) = u(t i ) − 2v (t i )∆t + 2a(t i )∆t 2 −

4

3

d3u
dt 3
(t i )∆t 3 +

2

3

d4u
dt 4
(t i )∆t 4 +O

(
∆t 5

)
P (t i+1) = P (t i ) +

dP
dt (t i )∆t +

1

2

d2P
dt 2
(t i )∆t 2 +O

(
∆t 3

)
P (t i−1) = P (t i ) −

dP
dt (t i )∆t +

1

2

d2P
dt 2
(t i )∆t 2 +O

(
∆t 3

)
FS (u(t i−1)) = FS (u(t i )) +KT [u(t i−1) − u(t i ) ] +O

(
∆t 2

)
FS (u(t i−2)) = FS (u(t i )) +KT [u(t i−2) − u(t i ) ] +O

(
∆t 2

)

(A.5)

Recall that the gross local error can be calculated by substituting the true displacement into Equation (32)

u(t i+1) − u(2)i+1 = u(t i+1) − f (u(t i ),u(t i−1),u(t i−2)) (A.6)

By substituting Equation (A.5) into Equation (A.6), one obtains Equation (A.7).

u(t i+1) − u(2)i+1 =A
−1
0 M [Ma(t i ) +Cv (t i ) + FS (u(t i )) −P (t i ) ]∆t 2

+A−10

{
(γ − 0.5)M

[
Ca(t i ) +KTv (t i ) −

dP
dt

]
+ γC [Ma(t i ) +Cv (t i ) + FS (u(t i )) −P (t i ) ]

}
∆t 3 +O

(
∆t 4

) (A.7)

The application of Equation (1) to Equation (A.7) gives Equation (33).
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B | AMPLIFICATION MATRIX

The expression ofAi is given by Equation (B.1).

Ai =
1

A0


A11 A12 A13

A21 A22 A23

A31 A32 A33

 (B.1)

where

A11 = β
2 (σ − δi )2Ω40 + 2γβζ (2σ − δi )Ω

3
0 +

(
4γ2ζ2 + 2βσ − βδi

)
Ω20 + 4γζΩ0 + 1

A12 = (2βσΩ20 − βΩ
2
0δi + 2γζΩ0 + 1) (−2βζΩ0 + 2γζΩ0 + 1)

A13 = (2βσΩ20 − βΩ
2
0δi + 2γζΩ0 + 1) (−2βζΩ0 + γζΩ0 − β + 0.5)

A21 = −(2βσΩ20 − βΩ
2
0δi + 2γζΩ0 + 1)Ω

2
0δi γ

A22 = (β − γ)βσ2Ω40 + 2γζδi (β − γ)Ω
3
0 + (2βσ − δi γ)Ω

2
0 + 2γζΩ0 + 1

A23 = (β − 0.5γ)βσ2Ω40 + (2β − γ)γζδiΩ
3
0 + (2βσ − 2βγσ + γβδi − 0.5δi γ)Ω

2
0 + 2γζ (1 − γ)Ω0 + 1 − γ

A31 = −(2βσΩ20 − βΩ
2
0δi + 2γζΩ0 + 1)Ω

2
0δi

A32 = −βσ2Ω40 + (−4βσ + 2βδi − 2γδi )ζΩ
3
0 − (4γζ

2 + δi )Ω20 − 2ζΩ0

A33 = βσ
2 (β − 0.5)Ω40 + (4βγσ − 4βσ + 2βδi − γδi )ζΩ

3
0 + (4γ

2ζ2 − 4γζ2 + βδi − 0.5δi )Ω20 + 2ζ (γ − 1)Ω0

A0 =
(
βσΩ20 + 2γζΩ0 + 1

)2
Ω0 = ω0∆t

ζ = c/(2mω0)

ω0 =
√
k0/m

(B.2)
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C | APPLICATION TO HIGHER-ORDER INTEGRATORS

The procedure in Section 4 to determine the optimal number of iterations is applicable for other integrators and
illustrated here for the Hammer-Hollingsworth scheme, which is a 4th-order Runge-Kutta integrator for problems
with sufficient smoothness [30]. Accordingly, the inherent local error is ‖τ ‖ = O

(
∆t 5

)
. Application of Equation (31)

suggests that ‖δ (1) ‖ = O
(
∆t 2

)
, ‖δ (2) ‖ = O

(
∆t 4

)
, and ‖δ (3) ‖ = O

(
∆t 6

)
. The order of consistency is 1, 3, and 4 for

one, two, and three (and more) iterations, respectively.
The derivation can be verified by analyzing an SDOF system subjected to a sinusoidal load. The systems have

a mass of m = 1 and a viscous damper of c = 0.1. The nonlinear elastic spring is modeled with a smooth nonlinear
restoring force fS (u) = 1+0.5u2

1+u2
u . We compare the results with the Newton method and the proposed method. The

response errors are summarized in Figure C.1. The observed orders of convergence align with the theory.
For systems practically modeled with plasticity, the smoothness is not necessarily guaranteed. For instance, the

elastoplastic system in Section A is only C0-continuous and not smooth. The accuracy of a higher-order integrator is
compromised, and the associated inherent local error is ‖τ ‖ = O

(
∆t 3

)
. While it is still true that ‖δ (1) ‖ = O

(
∆t 2

)
,

‖δ (2) ‖ = O
(
∆t 4

)
, and ‖δ (3) ‖ = O

(
∆t 6

)
, only a second-order accuracy can be achieved for two and more iterations.

This conclusion suggests that many practical applications do not benefit from a higher-order integrator and that the
optimal number of iterations for the proposed algorithm remains to be 2. We analyze the system in Section 4 and
summarize the errors in the responses in Figure C.2, which confirms the rationale discussed.
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TABLE 1 Comparison of analysis results and computational cost (PGA = 5.1m/s2).

Algorithms Newton Line Search Proposed

Maximum roof displacement (m) 0.62114 0.61435

Maximum roof velocity (m/s) 1.4815 1.4881

Maximum roof acceleration (m/s2) 11.652 11.542

Computational time (h) 272.26 4.36
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F IGURE 1 (a) an SDOF system and behaviors of (b) elastoplastic and (c) elastic hardening springs.
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F IGURE 2 Numerical errors in (a) elastoplastic and (b) nonlinear elastic hardening systems.
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F IGURE 3 Displacement response of elastic hardening system analyzed by (a) Newton, (b) proposed (σ = 2), and
(c) proposed (σ = 1) algorithms.
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F IGURE 4 Spectral radius of proposed algorithm: (a) γ = 0.5, β = 0.25; and (b) γ = 0.6, β = 0.3025.
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F IGURE 5 Amplitude decay of proposed algorithm: (a) γ = 0.5, β = 0.25; and (b) γ = 0.6, β = 0.3025.
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F IGURE 6 Period elongation of proposed algorithm: (a) γ = 0.5, β = 0.25; and (b) γ = 0.6, β = 0.3025.
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F IGURE 7 Finite element model of a 42-story reinforced-concrete high-rise building.
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F IGURE 8 Roof response of building: (a) displacement, (b) velocity and (c) acceleration (PGA = 5.1m/s2).
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F IGURE 9 Comparison of (a) maximum IDR and (b) PFA profiles.
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F IGURE C .1 Numerical errors of (a) displacement, (b) velocity and (c) acceleration in the nonlinear elastic system.
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F IGURE C .2 Numerical errors of (a) displacement, (b) velocity and (c) acceleration in the elastoplastic system.
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