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Abstract: The seismic performance of nonstructural elements is crucial for buildings to remain 13 

functional during and after earthquakes. Since the seismic damage to many nonstructural elements is 14 

sensitive to their acceleration and/or velocity responses, dynamic testing becomes inevitable in 15 

assessing their seismic performance. We propose a novel experimental method that enables the dynamic 16 

testing of various layouts of nonstructural elements through a passively controlled and adaptable testbed 17 

mounted on and driven by a shake table. The testbed is made of three consecutive floors of steel 18 

structure. The bottom two floors provide a space to accommodate a full-scale room. The third floor on 19 

top adds additional degrees of freedom for the ease of tuning the dynamic properties of the testbed. The 20 

input motion of the shake table is generated by an offline control algorithm to drive the testbed so that 21 

its bottom two floors trace the time histories of target floor motions of the building of interest. This 22 

paper introduces the key aspects of the new method, including the derivation of the desired structural 23 

properties of the testbed, and the control algorithm that generates the necessary input motion of the 24 

shake table. An example of simulating the motions of two consecutive floors in the middle of a 42-story 25 

tall building is adopted to assist illustrating and validating the method by numerical simulation and 26 

experimental demonstration. 27 

Keywords: substructure shake table test, LQR control, nonstructural elements, open-loop IDCS 28 

algorithm, offline iteration. 29 

1. Introduction 30 

While the structural system provides the skeleton of space for a building, the versatile nonstructural 31 

elements enable the functions of the building including the enclosure and separation of space, 32 

illumination, ventilation, water supply and drainage, heating, and communication. Past earthquakes 33 

have repeatedly witnessed the higher vulnerability of many nonstructural elements than structural 34 

elements in buildings (Hisada et al. 2012, Miranda et al. 2012, Sullivan 2020). The extensive damage 35 

to nonstructural elements imposed a high risk for buildings to remain functional during and after an 36 

earthquake, and in turn, impaired the seismic resilience of the community. It highlights the need for 37 

understanding the seismic behavior of nonstructural elements and for enhancing their seismic protection. 38 

To this end, many experimental tests have been conducted on various types of nonstructural 39 

elements (e.g., partitions (Retamales et al. 2013, Petrone et at. 2014), suspended ceilings [Soroushian 40 

et al. 2016, Ryu and Reinhorn 2019), piping systems (Zaghi et al. 2012, Tian et al. 2014, Tian et al. 41 

2015), museum and art objects (Neurohr and McClure 2008, Prota et al. 2022, Berto et al. 2023), 42 

mechanical utilities (Wang et al. 2017), equipment (Chaudhuri and Hutchinson 2005, Tavasoli et al. 43 

2022) and furniture (Filiatrault et al. 2004, Nagao et al. 2012)]. Experiments on nonstructural elements 44 
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differ from conventional structural tests in several aspects, particularly when considering the following 45 

three demands (Zito et al. 2022). First, they usually involve full-scale specimens because most 46 

nonstructural elements are industrial or even proprietary products that can hardly be scaled down. 47 

Second, the damage to many nonstructural elements is found to be sensitive to one or a combination of 48 

various engineering demand parameters (EDP) such as inter-story drift, floor acceleration, and floor 49 

velocity (Ryu and Reinhorn 2019, Di Sarno et al. 2019, Xie et al. 2021), making dynamic testing 50 

inevitable. Third, the interaction between adjacent nonstructural elements of different dynamic 51 

properties and damage characteristics may present a major concern so that they cannot be tested 52 

separately (Filiatrault et al. 2004, Rahmanishamsi et al. 2014). 53 

Shake table tests have become a common practice for the dynamic testing of acceleration-sensitive 54 

nonstructural elements, in which floor motions rather than ground motions are adopted as the table input. 55 

The target floor motion is usually obtained either from the time-history analysis of an archetype parent 56 

building (Jiang et al. 2021) or according to some standard loading protocol that matches a required floor 57 

response spectrum. In the latter case, the required response spectrum (RRS) in AC 156 (2010) has been 58 

most widely used (Badillo et al. 2007, Maddaloni et al. 2011, Ryu et al. 2012, Magliulo et al. 2012, 59 

Petrone et al. 2014, Cosenza et al. 2015, Soroushian et al. 2016). Though very useful, this method has 60 

several limitations (Zito et al. 2022). Firstly, the shake table only provides the required motion of a 61 

single floor, and thus cannot simulate the inter-story drift at the same time. Secondly, floor motions of 62 

flexible systems (e.g., tall buildings) may exhibit large lateral drift with respect to the ground that 63 

exceeds the capacity, such as the stroke and the oil supply, of most existing shake tables that are designed 64 

for ground rather than floor motions. Thirdly, as pointed out by D’Angela et al. (2024), the existing 65 

standard loading protocols, especially the widely used AC 156 protocol may not be adequate in 66 

assessing the performance levels of nonstructural elements. 67 

A straightforward way of meeting all the three above-mentioned demands is to conduct large-scale 68 

shake table tests on full-scale building models with the nonstructural elements of concern installed. 69 

Butenweg et al. (2021) tested an industrial multi-story steel frame model with process equipment at the 70 

EUCENTRE Laboratory of Pavia, Italy. Pampanin et al. (2023) conducted a three-dimensional shake 71 

table test of a two-story timber-concrete structure containing several nonstructural elements at the 72 

National Laboratory of Civil Engineering in Lisbon, Portugal. To the authors’ knowledge, the largest 73 

test of this kind in terms of the number of stories of the parent building is the one on a 7-story full-scale 74 

building on the world’s largest outdoor shake table at University of California San Diego (UCSD) 75 

(Hoehler et al. 2009). The building was installed with suspended pipes. There were also a handful of 76 

other notable tests of this kind on either the outdoor shake table at UCSD in the US (Chen et al. 2016, 77 

Pantoli et al. 2016, Wang et al. 2017) or the world’s largest shake table at E-Defense in Japan (Suita et 78 

al. 2008, Sato et al. 2011, Soroushian et al. 2012, Nakashima et al. 2018). The structural systems and 79 

occupancies of the parent building varied, but the number of stories was either 4- or 5-story, a limitation 80 

imposed by both the budget and the capacity of the shake tables. 81 

Substructure dynamic testing provides an alternative of meeting all the three demands for 82 

nonstructural element tests but with much reduced cost. A nonstructural component simulator was 83 

developed at the University at Buffalo, namely, UB-NCS, to this end [Figure 1(a)]. It is composed of a 84 

two-level steel frame driven by very slender actuators of plus/minus 1-meter stroke to simulate the 85 

motions of two consecutive floors of 14.44 m2 in multi-story buildings (Mosqueda et al. 2009). It has 86 

successfully provided a testing platform for sprinkler systems (Tian et al. 2015), indoor contents 87 
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(Mosqueda et al. 2009), and partition walls (Retamales et al. 2013) that involved multiple EDPs and/or 88 

interaction between the elements. Nevertheless, the large stroke of the actuators compromises the 89 

dynamic stability of the simulator, resulting in an operating frequency range of 0.2 Hz to only 5 Hz. In 90 

addition, the simulator is not yet capable of bidirectional loading. 91 

Substructural shake table testing is a promising choice. It can take full advantage of existing shake 92 

tables, which are robust and dynamically stable, and are usually inherently capable of multi-directional 93 

loading. Ji et al. (2009) successfully simulated the roof response of a 30-story tall building to 94 

earthquakes by a full-scale substructure of a rubber-mass system on the shake table at E-Defense [Figure 95 

1(b)]. Although mainly focused on a single EDP on a single floor, their work fully explored the potential 96 

of the world’s largest shake table to simulate floor motions of large lateral displacements with the aid 97 

of a passive substructure and a proper control algorithm to generate the required table motion. The open-98 

loop IDCS (Inverse Dynamic Compensation via Simulation of feedback control systems) algorithm 99 

(Tagawa and Fukui 1994, Tagawa et al. 2011) was shown to be effective for this task. 100 

 101 

Figure 1. Dynamic testing methods for nonstructural elements, (a) UB-NCS, (b) E-defense 102 

substructure test. 103 

Combining the ideas of UB-NCS and substructure shake table testing, this paper proposes a novel 104 

experimental method for nonstructural elements in buildings of various dynamic properties. Its novelty 105 

lies in the following three aspects. First, a passive three-story system of friction pendulums, rubber 106 

bearings, springs, and masses is proposed as a testbed to host a full-scale room filled with nonstructural 107 

elements (Figure 2). The testbed is capable of reproducing large lateral displacements by adopting 108 

friction pendulums in the 1st and 3rd floor. It is named the Nonstructural Element Simulator on shake 109 

Table (NEST) and has been built in the Institute of Engineering Mechanics (IEM) at Beijing. Although 110 

seems similar, it is fundamentally different from the UB-NCS testbed in the fact that it is a dynamic 111 

system driven by a shake table at the bottom so that it can easily reproduce horizontal bidirectional 112 

loading. Second, a method of determining the required stiffness and mass of each story of the testbed is 113 

proposed to tune its dynamic property to enable the simulation of different parent buildings with 114 

minimum demand for the shake table. Third, a procedure that combines the open-loop IDCS algorithm 115 

with offline iteration is proposed to make the testbed trace the synchronized time-history responses of 116 

two consecutive floors of the parent building. It makes it possible for a passive substructure to 117 

simultaneously provide the acceleration, velocity, and inter-story drift boundary conditions for the room 118 

of concern. 119 
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 120 

Figure 2. Concept of proposed substructural shake table testing method. 121 

In this paper, we introduce the establishment of the novel testing method, including the 122 

determination of the desired structural properties of the testbed, and the control algorithm that generates 123 

the input motion of the shake table. The numerical illustration and experimental demonstration are 124 

provided to verify the proposed method both in numerical and physical domains. We focus on the 125 

implementation in tall buildings because it represents a more challenging scenario for the proposed 126 

method to work. Firstly, the floors in tall buildings may experience large absolute lateral displacement. 127 

The displacement may well exceed the stroke of ordinary shake tables that are designed for the 128 

simulation of ground, rather than floor motions. Secondly, the vibration of tall buildings is predominated 129 

by long-period contents. It imposes a high demand for the response control of shake tables in the low-130 

frequency range (Nakata 2010). This challenge will be demonstrated in the next section through an 131 

example 42-story building. The same archetype building will also be used throughout the rest of the 132 

paper for the ease of illustration of the method. 133 

2. Problem statement 134 

The example archetype building is a 42-story reinforced concrete (RC) frame-core wall tall 135 

building (Lu et al 2015). It is located on a site of Soil Type 2 in a region of high seismic intensity of 8.5 136 

according to the Chinese seismic design code for buildings (GB50011-2010, 2010). It corresponds to a 137 

0.3g peak ground acceleration (PGA) and a 0.675g short-period spectral acceleration for design basis 138 

earthquake (DBE). The three-dimensional rendering of a member-by-member finite element model, 139 

which is available online (http://www.luxinzheng.net/download/OpenSeesTallBuildings.zip), and plan 140 

layout of the building are shown in Figures 3(a) and (b). 141 

 142 

Figure 3. Archetype building: (a) member-by-member finite element model (Lu et al. 2015) (b) 143 
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simplified discrete shear-flexural spring model. 144 

For simplicity, it is assumed that the structure has the same set of masses and stiffnesses in both 145 

the x- and y-direction, that the story masses and stiffnesses are uniformly distributed along the height, 146 

and that the structure remains elastic during earthquake excitation. The seismic performance of 147 

nonstructural elements is crucial under service level earthquake (SLE) or design basis earthquake (DBE) 148 

during which the archetype tall building is not only supposed but also required to remain elastic 149 

according to the Chinese seismic code JGJ3-2010 (2010) (Cao et al. 2023). The proposed method 150 

effectively simulates the seismic responses of the archetype building under SLE and DBE. However, it 151 

may tend to overestimate acceleration and velocity responses while underestimating displacement 152 

responses during the maximum considered earthquake (MCE), during which the archetype building 153 

exhibits nonlinear behavior. The method of simulating the seismic responses of the nonlinear archetype 154 

building will be developed in the future. It is then modelled by a planar discrete shear-flexural spring 155 

model proposed by Xiong et al. (2016) (Figure 3). To build the model, the vibrational periods of the 156 

first two modes in the same direction, Tp1 and Tp2, are directly derived from the member-by-member 157 

model. Their ratio Tp1/Tp2 enables the solution of an intermediate parameter α0 and in turn the flexural 158 

and shear stiffness EI and GA by the equations proposed by Miranda and Taghavi (2005). The α0 159 

represents the flexural-shear stiffness ratio and takes 9.7 in this specific case. It falls beyond the 160 

empirical range of [1.5, 5] for dual systems according to Miranda and Reyes (2002), suggesting different 161 

characteristics between tall building systems in the US and China. The dynamic properties of the 162 

simplified model are summarized in Table 1, where 𝑇p𝑖 and 𝑀𝑖 are the period and effective mass of 163 

the ith mode, and ∑𝑚 is the total mass. 164 

Table 1 Dynamic properties of first five modes of the planar model of archetype building. 165 

No.mode i 1 2 3 4 5 

𝑇p𝑖  (s) 2.695 0.851 0.466 0.297 0.205 

𝑀𝑖 ∑𝑚⁄   0.763 0.095 0.040 0.023 0.015 

The dynamic responses of the building to three ground motion records with varying durations, 166 

frequency components, and PGAs were evaluated through response history analysis in OpenSees 167 

(McKenna 2011). Figure 4 shows the time histories and acceleration spectra of the three ground motion 168 

records in the x-direction.  169 

 170 

Figure 4. Ground motion records: (a) acceleration time histories, and (b) acceleration response 171 

spectra. 172 
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0.43 m. It approaches or even exceeds the stroke limits of most existing shake tables in not only China 176 

(Gao et al. 2021) but also over the world (Li 2017). To make it worse, the floor response is predominated 177 

by the frequency contents around 0.37 Hz [Figure 5(b)]. Zito et al. (2023) recommended estimating the 178 

capacity (e.g., the maximum accelerations, velocities, and displacements associated with the theoretical 179 

shake table inputs) of the shake table before conducting tests on nonstructural elements. The large 180 

displacement demand also imposes a great challenge for the control of the shake tables, whose 181 

performance is known to deteriorate in such a low-frequency range (e.g., Nakata 2010). Cao et al. (2024) 182 

revealed that the shake table performed well in the short- and mediate-period range but lost much of the 183 

long-period components when employing a long-period building as the archetype for their building-184 

specific loading protocol. In addition, the peak inter-story drift ratio (PIDR) between the 21st and 22nd 185 

floors reaches 0.64%, which is not negligible when simulating the boundary condition for a room on 186 

the 21st floor of the archetype building. How to simulate the boundary condition for a room that includes 187 

the large lateral displacement, long-period vibration, and non-negligible inter-story drift without 188 

building a high-performance new shake table defines the problem of this study. The strategy for solving 189 

this problem is discussed in detail in the next section. 190 

 191 

Figure 5. Floor responses to MZQ record in the x-direction: (a) time histories (b) Fourier amplitude 192 

spectra. 193 

3. Procedure description 194 

There are two major procedures in the proposed substructure shake table testing method (Figure 6). 195 

First, determining the design parameters of the substructure testbed with the aim of mitigating the long-196 

period motion demand for the shake table by letting the testbed match the first two modes of the 197 

archetype building, then the physical model of the testbed can be developed. Second, a novel control 198 

strategy that generates the shake table input to let the substructure testbed trace the target floor motions 199 

of the archetype building under specific ground motions. The second procedure contains two ingredients: 200 

(1) LQR-IDCS algorithm and (2) offline iteration based on the nonlinear finite element model (FEM) 201 

of the testbed to compensate its nonlinearity caused by the friction pendulums. Cao et al. (2023) 202 

preliminarily reported the basic concept of the off-line control strategy. Based on the preliminary work, 203 

this paper provides a complete introduction to the testing method, further improves the control strategy 204 

to make it convenient to use, and fully discusses its robustness and effectiveness in the numerical 205 

domain. Experimental results are presented herein, affirming the validity of the proposed testing method 206 
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in the physical domain. 207 

 208 

Figure 6. The total procedure of proposed method in numerical domain. 209 

3.1 Configuration of NEST 210 

A method of substructuring is proposed to determine the design parameters of the substructure 211 

testbed from the archetype building (Figure 6). The three-layer substructure, NEST, approximately 212 

represents a three-layer lumped mass model. In each orthogonal horizontal direction, it can be 213 

represented by a 3-degree-of-freedom system as shown in Figure 7. Its eigenvalue equation (Eq. 1) 214 

contains 9 independent equations of 18 unknown variables to be determined. 215 

 216 

Figure 7. (a) Representative 3DOF lumped mass shear spring model and, (b) physical realization of 217 

substructure testbed NEST. 218 
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where 𝑘s𝑗 and 𝑚s𝑗 are the stiffness and mass of the jth layer of the 3DOF system; 𝜔s𝑖 is the ith mode 220 

circular frequency of the system, which is solely dependent on the stiffness and masses of the system; 221 

𝜙s𝑖,𝑗 is the modal vector value of the jth layer in the ith mode. 222 

A strategy to reduce the long-period motion demand for the shake table when simulating the seismic 223 

response of tall buildings is to make NEST match the first two modes of the prototype tall building. To 224 
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this end, the first two modal frequencies are assumed to equal those of the target building in a single 225 

horizontal direction (Eq. 2), and the two mode shape vectors of the first two layers of the system are 226 

assumed to be equal to those of the target floors (Eq. 3).  227 

𝜔s𝑖 = 𝜔p𝑖 for 𝑖 = 1, 2 (2) 

{
𝜙s1,1
𝜙s1,2

} = {
𝜙p1,𝑛
𝜙p1,𝑛+1

} (3a) 

{
𝜙s2,1
𝜙s2,2

} = {
𝜙p2,𝑛
𝜙p2,𝑛+1

} (3b) 

where 𝜔p𝑖 is the ith mode circular frequency of the archetype building in a single horizontal direction, 228 

𝜙p1,𝑛 and 𝜙p2,𝑛 are the first two modal vector values of the prototype building at the nth floor. 229 

NEST was intended to work on the 5 by 5m shake table at the Institute of Engineering Mechanics 230 

(IEM) at Beijing, whose payload is 30 tons. Considering the payload limit and other constraints of 231 

manufacturing the steel structure, the mass of the first floor of the testbed was determined as 𝑚s1 =232 

4.5 tons. Since the ith modal shape vector denotes a proportion, we can assume the 𝜙s3,3 in the third 233 

modal shape to be a specific value (such as 1.0). With the assumption in Eqs. 2 and 3 and the prescribed 234 

ms1 and 𝜙s3,3, there remain 10 unknowns in the 9 equations in Eq. 1. 235 

By specifying the third modal period of the system 𝑇s3 = 2𝜋 𝜔s𝑖⁄ , the rest of the system 236 

parameters can be uniquely determined. As shown in Figure 8, different choices of Ts3 have a major 237 

effect on the masses but has little to do with the stiffnesses. For the convenient of manufacture, it was 238 

determined that 𝑇s3 = 0.23s so that 𝑚s2 = 𝑚s3. The resultant structural parameters of the testbed are 239 

summarized in Table 2. 240 

 241 

Figure 8. Structural parameters of the substructure testbed: (a) masses, (b) stiffnesses. 242 

Table 2. Structural parameters of substructure testbed NEST. 243 

Layer j Floor mass msj (ton) Floor stiffness ksj (kN/mm) Maximum story drift (mm) 

1 4.5 0.118 ±600 

2 7.41 1.995 ±64 

3 7.41 0.231 ±190 
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{0.78, 0.82, 1}T. Additionally, the first modal effective mass ratio is found to be 99%. Consequently, 247 

we assume that the displacement distribution of the testbed will primarily follow its first modal shape. 248 

In order to accommodate large displacement and significant amplitude loading, the inter-story drift 249 

demand for the first floor was determined to be ±600 mm. Considering the ratio of the modal shape, the 250 

inter-story drift demands for the second and third floors are determined to be ±38 mm and ±138 mm, 251 

respectively. Since the second floor accommodates the full-scale room, its inter-story drift demand has 252 

been further refined to be ±64 mm, which corresponds to a 2% inter-story ratio. To provide some 253 

additional buffer, the inter-story drift demand for the third floor was set at ±190 mm. To meet the 254 

requirements of small stiffnesses and large inter-story drift demands on the first and third floors, a 255 

friction pendulum-rubber-and-mass structural system was designed for the testbed. This system is 256 

specifically tailored to provide the desired characteristics and accommodate the necessary movements 257 

[Figure 7(b)]. 258 

3.2 Obtaining the required shake table input for NEST 259 

It is an inverse dynamics problem to obtain the shake table input for the substructure from target 260 

responses. To solve this problem, we combine the IDCS algorithm proposed by Tagawa and Fukui 261 

(1994) and later revised by Tagawa et al. (2011) with an LQR (Linear Quadratic Regulator) controller 262 

and an offline iteration process to compensate the effect of nonlinearity in NEST (see Figure 6). The 263 

general procedure of the IDCS algorithm with LQR control (or LQR-IDCS algorithm for short) requires 264 

firstly to establish an augmented state-space equation of the system as shown in Eq. 4. 265 

{𝑍̇} = [𝐴]{𝑍} + {𝐵}𝑈s(𝑡) + {𝐷}𝑈g(𝑡) (4) 

where 266 

{𝑍} =

{
 

 
{𝑦abT(𝑡)} − {𝑥ab(𝑡)}

{𝑦ab(𝑡)}

{𝑦̇abT(𝑡)} − {𝑥̇ab(𝑡)}

{𝑦̇ab(𝑡)} }
 

 
=

{
 

 
{𝐵F}{𝑦ab(𝑡)} − {𝑥ab(𝑡)}

{𝑦ab(𝑡)}

{𝐵F}{𝑦̇ab(𝑡)} − {𝑥̇ab(𝑡)}

{𝑦̇ab(𝑡)} }
 

 
 (5) 

is the augmented state vector that combines the displacement and the velocity responses of the archetype 267 

and the substructure testbed NEST; {𝐵} and {𝐷} are the location vectors for 𝑈s(𝑡) and 𝑈g(𝑡), 268 

respectively; {𝑦abT(𝑡)} is the absolute displacement time history vector at the nth, (n+1)th, and (n+2)th 269 

floor levels of the archetype building having a total of N floors; {𝑦ab(𝑡)} is the absolute displacement 270 

response of the N floors of the archetype building; {𝑥ab(𝑡)} is the absolute displacement response of 271 

the substructure testbed. 272 

{𝐵F} = {03×(𝑛−1) 𝐼3×3 03×(𝑁−𝑛−2)} (6) 

is the location vector of the target floors in the archetype building. 273 

[𝐴] =

[
 
 
 
 
 
 

03×3                  03×𝑁

0𝑁×3                  0𝑁×𝑁

𝐼3×3              03×𝑁

0𝑁×3              𝐼𝑁×𝑁

    −[𝐴𝐴s] [𝐴𝐴s]{𝐵F} − [𝐴𝐴p]

            0𝑁×3 −[𝐴𝐴p]

        −[𝐶𝐶s] [𝐶𝐶s]{𝐵F} − [𝐶𝐶p]

           0𝑁×3 −[𝐶𝐶p] ]
 
 
 
 
 
 

 (7) 
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is the state matrix [𝐴], in which 274 

[𝐴𝐴s] = [𝑀s]
−1[𝐾s], [𝐶𝐶s] = [𝑀s]

−1[𝐶s] (8) 

[𝐴𝐴p] = [𝑀]
−1[𝐾], [𝐶𝐶p] = [𝑀]

−1[𝐶] (9) 

where [𝑀s], [𝐶s] and [𝐾s] are the mass, damping and stiffness matrices of the testbed, respectively; 275 

[M], [C] and [K] are the mass, damping and stiffness matrices of the archetype, respectively. 276 

𝑈s(𝑡) =
𝑐1s𝑢̇s(𝑡) + 𝑘1s𝑢s(𝑡)

𝑚1s
 (10a) 

𝑈g(𝑡) =
𝑐1𝑢̇g(𝑡) + 𝑘1𝑢g(𝑡)

𝑚1
 (10b) 

are the control forces at the base of the substructure testbed and the archetype building, respectively, in 277 

which k1 and c1 are stiffness and damping coefficient at the first floor of the archetype, 𝑢̈g(𝑡) is the 278 

acceleration input of the archetype building, 𝑚1 is the mass of the first floor of the archetype, 𝑚1s 279 

the mass of the first floor of the substructure, 𝑢̈s(𝑡) is the acceleration input of the substructure testbed. 280 

{𝐵} = {01×3 01×𝑁 1 0 0 01×𝑁}
T (11a) 

{𝐷} = {01×3 01×𝑁 0 0 0 {1 0 ⋯ 0}1×𝑁[𝑀]
−1}T (11b) 

are the location vectors for 𝑈s(𝑡) and 𝑈g(𝑡), respectively. 281 

The widely used LQR controller (Kurata et al 1999, Nagashima et al 2001, Li and Ou 2006, Shi et 282 

al 2014) is adopted to obtain the control force 𝑈s(𝑡). The two vectors of {𝑦abT(𝑡)} − {𝑥ab(𝑡)} and 283 

{𝑦̇abT(𝑡)} − {𝑥̇ab(𝑡)} in the state variable {𝑍} as shown in Eq. 5 are used as the feedback signal for 284 

the controller. The LQR controller solves the optimal feedback gain vector {𝐺} and the optimal control 285 

force 𝑈s(𝑡) by minimizing the performance index [𝐽] (Eqs. 12 and 13). The mathematical solution 286 

for the optimal gain vector {𝐺} can be obtained from many control theory books (e.g., Soong et al. 287 

1992). 288 

[𝐽] = ∫ [{𝑍}𝑇[𝑄]{𝑍} + 𝑈s(𝑡)
𝑇𝑅𝑈s(𝑡)]

∞

0

dt 
(12) 

𝑈s(𝑡) = −{𝐺}{𝑍} (13) 

where 289 

[𝑄] = diag{𝑞 𝑞 0𝑁×1 𝑞 𝑞 0𝑁×1} (14) 

is a 2(N+3)×2(N+3) weighting matrix for the structural responses and R=1 is a positive weighting value 290 

for the control force. q=2 is assigned in this study. 291 

The required displacement time history of the shake table 𝑢𝑠(𝑡) corresponding to the control force 292 

𝑈s(𝑡) can then be obtained by solving the first-order differential equation in Eq. 15. 293 

𝑈s(𝑡) = 𝑐1s𝑢̇s(𝑡) + 𝑘1s𝑢s(𝑡) (15) 
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The above procedure is briefly summarized in (1) LQR-IDCS as the first part of the control strategy 294 

in Figure 6. The LQR controller can only deal with a linear representation of the testbed. However, the 295 

friction pendulums in the 1st and 3rd layers of NEST inevitably introduce frictional nonlinearity into the 296 

dynamic behavior of the system. To compensate the detrimental effect of this nonlinearity on the control 297 

accuracy, an outer-loop offline iteration is proposed to modify the control force 𝑈s(𝑡) generated by 298 

the LQR-IDCS algorithm. It is illustrated as (2) Offline iteration as the second part of the control 299 

strategy in Figure 6. 300 

To capture the nonlinear behavior of the testbed, a member-by-member nonlinear finite element 301 

model (FEM) of the testbed NEST was built in OpenSees (McKenna 2011, Figure 9). An initial damping 302 

ratio of 1% was assigned to the model. Rayleigh damping with the coefficients determined by the first 303 

two modes of the testbed was adopted. More details about the nonlinear FEM can be found in Cao et 304 

al. (2023). 305 

 306 

Figure 9. Member-by-member nonlinear FEM of the substructure testbed NEST. 307 

An offline iteration procedure intends to make the response 𝐸𝐷𝑃R(𝑡)  (including floor 308 

accelerations, velocities and inter-story drift) of the nonlinear FEM to the table motion 𝑢̈s(𝑡) as close 309 

to the target floor motion 𝐸𝐷𝑃T(𝑡)  as possible by updating the linearized state matrix of the 310 

substructure testbed in the LQR-IDCS algorithm. It works in the following procedure: 311 

(1) Generate the initial table motion 𝑢̈s(𝑡) by the LQR-IDCS algorithm according to the linear 312 

3DOF model with the initial damping ratio (i.e., 1% in this study). 313 

(2) Calculate the response 𝐸𝐷𝑃R(𝑡) of the nonlinear FEM to 𝑢̈s(𝑡) by nonlinear time history 314 

analysis. 315 

(3) Evaluate the error 𝐸f between 𝐸𝐷𝑃R(𝑡) and the target 𝐸𝐷𝑃T(𝑡), which is defined in the 316 

frequency domain by Eq. 16 (Ji et al. 2009). In this study, we further distinguish the positive and 317 

negative errors by a sign function. 318 

𝐸f =
∑{|ℱ(𝐸𝐷𝑃T(𝑡))| − |ℱ(𝐸𝐷𝑃R(𝑡))|}

2

∑{|ℱ(𝐸𝐷𝑃T(𝑡))|}
2

∙ sgn({|ℱ(𝐸𝐷𝑃T(𝑡))| − |ℱ(𝐸𝐷𝑃R(𝑡))|}) (16) 

As suggested by Cao et al. (2023), the errors of floor accelerations and velocities were calculated 319 

within the frequency range from 0.1 Hz to fU,AV [Eq. (17)] while errors of the inter-story drift were 320 

calculated within the frequency range from 0.1 Hz to fU,D [Eq. (18)]. 321 

𝑓U,AV =
2

(𝑇s2 + 𝑇s3)
 (17) 

ks1

ks2

ks3
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𝑓U,D =
2

(𝑇s1 + 𝑇s2)
 (18) 

(4) Identify the equivalent linearized modal parameters of the 3DOF system form the nonlinear 322 

FEM responses (e.g., Astroza et al. 2016, Astroza et al. 2021) and update the state matrix [𝐴] in the 323 

LQR-IDCS algorithm if Ef is larger than the prescribed tolerance ɛ (e.g., 10% in this study). System 324 

identification by ARX method (Pakzad and Fenves 2009, Ji et al. 2011) is then applied to obtain the 325 

equivalent linearized parameters. 326 

(5) Generate a new table motion 𝑢̈s(𝑡) according to the updated state matrix [𝐴] and repeat the 327 

above steps (2) to (5) until |𝐸f| < 𝜀. 328 

The previous study by Cao et al. (2023) showed that the slight nonlinearity caused by the Coulomb 329 

friction of the friction pendulums mainly led to changes in the equivalent damping ratio of linearized 330 

3DOF system. Therefore, we decided to update only the equivalent damping ratios of the first two 331 

modes of the 3DOF system in the LQR-IDCS control and to keep its stiffness unchanged in the offline 332 

iteration. In Cao et al. (2023), the updated damping ratio h in the LQR-IDCS algorithm directly takes 333 

the identified damping ratio from the nonlinear FEM responses (Eq. 19). It is referred to as “direct 334 

update” hereinafter.  335 

ℎLQR,𝑖𝑗 = ℎFEM,𝑖𝑗−1, 𝑖 = 1, 2 (19) 

where ℎLQR,𝑖𝑗  is the ith modal damping ratio during the jth iteration in the LQR-IDCS algorithm, 336 

ℎFEM,𝑖𝑗 is the ith modal damping ratio identified from the responses of the nonlinear FEM of the testbed 337 

during the jth iteration, 338 

In this study, we refine the updating process by proposing a weighted updating method for the 339 

equivalent damping ratio h, as shown in Eq. 20, which can significantly reduce the computational efforts 340 

and speed up the convergence in the offline iteration procedure. The updated damping ratio h in the 341 

current iteration is taken as a weighted average of the identified damping ratio ℎFEM and the adopted 342 

ℎLQR in the previous iteration. 343 

ℎLQR,𝑖𝑗 = (1 − 𝑘)ℎLQR,𝑖𝑗−1 + 𝑘ℎFEM,𝑖𝑗−1, 𝑖 = 1, 2 (20) 

where k is the convergence rate parameter and is recommended to be 0.25~0.5. 344 

 345 

4. Implementation and evaluation 346 

The above procedure is implemented on the 42-story example archetype building to generate the 347 

desired table motion for NEST to simultaneously simulate the horizontal seismic responses of the 21st 348 

and 22nd floors. Regarding the primary source of nonlinearity in NEST, the friction pendulums are 349 

assumed to have a 3% friction coefficient as a worst scenario, since the friction coefficient of the real 350 

friction pendulums in the laboratory can be reduced to approximately 0.5% by applying grease to the 351 

frictional interface. 352 

Figure 10 depicts the evolution of the reproduction error Ef of the 21st floor acceleration of NEST 353 

under the MZQ ground motion along with the similarity of the modal shapes, which is evaluated by the 354 

modal assurance criteria (MAC, Eq. 21), and the periods error, 𝐸𝑇 (Eq. 22), between the nonlinear 355 

FEM and the linear 3DOF model. 356 
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MAC𝑖({𝜙sEL,𝑖}, {𝜙sID,𝑖}) =
({𝜙sEL,𝑖}

𝑇
{𝜙sID,𝑖})

2

({𝜙sEL,𝑖}
𝑇
{𝜙sEL,𝑖}) ({𝜙sID,𝑖}

𝑇
{𝜙sID,𝑖})

 (21) 

where {𝜙sEL,𝑖}  and {𝜙sID,𝑖}  are the ith modal shape vectors of the linear 3DOF model and that 357 

identified from the nonlinear FEM responses, respectively. 358 

𝐸𝑇,𝑖 =
|𝑇sID,𝑖 − 𝑇sEL,𝑖|

𝑇sEL,𝑖
 (22) 

where 𝑇sEL,𝑖 and 𝑇sID,𝑖 are the ith period of the linear 3DOF model and ith effective period identified 359 

from the nonlinear FEM responses, respectively. 360 

When the equivalent damping ratio h is updated by direct method (Eq. 19), the error Ef shifted 361 

between positive and negative values alternatively while its absolute value gradually decreased to less 362 

than the 10% tolerance. On the other hand, the weighted updating of h (Eq. 20) allows for a faster and 363 

monotonically decreasing error Ef. Nevertheless, both methods exhibit good convergence in minimizing 364 

the reproduction error Ef. 365 

Regardless of the methods of updating h, the mode shapes and natural periods of the first two 366 

modes of the equivalent linear 3DOF are very close to those of the nonlinear FEM. The MACs exceeded 367 

99% and the error in natural periods 𝐸𝑇 was less than 6% throughout the iteration procedure. This 368 

justifies the rationale for solely updating the damping ratios during the iteration procedure. 369 
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 370 

Figure 10. Evolution of error in reproducing acceleration of 21st floor under the MZQ motion in the x-371 

direction of the prototype building. 372 

Figure 11 depicts the equivalent damping ratios h’s of the first and second modes identified from 373 

the responses of the nonlinear FEM during the iteration process in the x- , y- direction and their mean. 374 

When updated by the direct method in Eq. (19), the damping ratios go up and down and gradually 375 

converge to desired values. On the other hand, the damping ratios updated by the weighted method in 376 

Eq. (20) change monotonically towards the desired values. 377 

 378 
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 379 

Figure 11. Change of equivalent damping ratios during the iteration process (a) x-direction, (b) y-380 

direction. 381 

Considering the superior performance of the weighted update method, the offline iteration 382 

procedure in the proposed control strategy adopts the weighted method to update the equivalent 383 

damping ratio. Figure 12 summarize the evolution of the absolute errors |𝐸f| for all the engineering 384 

demand parameters considered in this study of the target floors of the prototype building. For all the 385 

three earthquake ground motions, the errors decrease to below with the tolerance =10% with only a 386 

few iterations, showing excellent convergence of the proposed control strategy. 387 

 388 

Figure 12. Errors Ef between target and NEST responses under (a) MZQ, (b) Sannomaru, and (c) El-389 

Centro. 390 
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Figures 13 to 15 compare the converged NEST responses with the target motions of the 21st and 391 

22nd floors of the archetype building in both the time and the frequency domains in terms of floor 392 

accelerations, floor velocities, and inter-story drifts. There is a close correspondence of both the time 393 

histories and Fourier amplitude spectra between the target and NEST responses. The errors have been 394 

successfully reduced to less than the prescribed tolerance of 10%. The extra high-frequency responses 395 

of the substructure testbed, which are especially significant in the acceleration responses, are deemed 396 

to have resulted from the Coulomb friction within the system. However, these high-frequency noises 397 

do not impair the accuracy of method within the frequency range of concern. 398 

 399 

 400 

Figure 13. Comparisons of the target and NEST response in the x-direction under MZQ motion in (a) 401 

time domain and (b) frequency domain. 402 
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 403 

Figure 14. Comparisons of the target and NEST response in the x-direction under El-Centro motion in 404 

(a) time domain and (b) frequency domain. 405 

 406 

Figure 15. Comparisons of the target and NEST response in the x-direction under Sannomaru motion 407 

in (a) time domain and (b) frequency domain. 408 
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frequency of 4 Hz. Taking the bottom and upper floor motions in the x-direction under MZQ motion as 412 

an example, Figure 16(a) illustrates the Fourier spectrum amplitudes of filtered bottom and upper 413 

accelerations. The comparison between the floor response spectra of the original and filtered floor 414 

motions in Figure 16(b) show that the high-frequency noise only contributes slightly to the spectral 415 

responses at approximately 0.23 s. For PFA, the relative differences between the filtered and unfiltered 416 

PFAs are 16% on the bottom floor and 0.02% on the upper floor. These discrepancies are deemed to 417 

have negligible effect on the seismic behavior of the nonstructural elements. 418 

 419 

Figure 16. Comparisons of (a) Fourier amplitude spectra and, (b) acceleration response spectra 420 

between the filtered and unfiltered accelerations. 421 

Figure 17 compares the orbits of the absolute horizontal floor displacement of the target and the 422 

NEST responses to the three ground motions. Despite the frictional nonlinearity, the proposed control 423 

strategy successfully empowered NEST to accurately trace the bidirectional target floor motions. 424 

 425 

Figure 17. Comparisons of the floor displacement orbits of the target and NEST response to (a) MZQ, 426 

(b) El-Centro, and (c) Sannomaru ground motions. 427 
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To show the superiority of the proposed substructure testing method in reducing the demand for 429 

the shake table, Figure 18 compares the absolute displacement of the 21st floor, which is the target 430 

motion, with the converged input motion of the table in both the time- and frequency-domains. The 431 

low-frequency component from 0.2 Hz to 0.6 Hz in the target motion was greatly suppressed, which 432 

would otherwise impose great challenge for most existing shake tables for earthquake simulation. The 433 

required input motion generated by the proposed testing method, on the other hand, imposed a much 434 

smaller displacement demand for the shake table, which is comparable to the peak displacement of the 435 

ground motion. Therefore, the proposed testing method allows conventional shake tables for earthquake 436 

simulation to effectively simulate the floor motions of a variety of building structures without upgrading 437 

the hardware of the table itself. 438 

 439 

Figure 18. Comparisons of absolute displacements of the required table motion, the 21st floor target 440 

motion and the ground motion in the x-direction: (a) MZQ motion, (b) El-Centro motion, (c) 441 

Sannomaru motion. 442 

5. Experimental validation 443 

A full-scale trial test was conducted on the 5 m-by-5 m shake table at IEM. The NEST testbed 444 

hosted a full-scale room space of 2.8 m high and 3.5 m-by-4.5 m in plan (Figure 19(b)). As shown in 445 

Figure 19(a), the 3-layer testbed consisted of braced steel frames, FPs, springs, and NRBs. The braced 446 

steel frame was deemed to exhibit a large enough stiffness so as not to contribute to the lateral flexibility 447 

of the room space. The friction coefficient of the pendulums was measured to be 2.3% by specimen 448 

tests. 449 
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 450 

Figure 19. Overview of (a) testbed, (b) full-scale room (unit: mm). 451 

Various types of nonstructural elements including suspended ceiling, light-gauge steel keel gypsum 452 

board partition walls, and various contents (including bookshelf, cabinets, chairs, and desks) were 453 

installed in the full-scale room (Figure 19(a)). Because of the offline nature of the proposed control 454 

algorithm, nonstructural elements with significant contribution to the story stiffness and strength cannot 455 

be tested by the present substructural testbed. Therefore, the gypsum board drywall partitions were 456 

detailed to minimize the interference with the testbed and only to provide the partial enclosure of the 457 

room and boundaries of the suspended ceiling and contents. 458 

Four wire displacement transducers were arranged between each layer and a rigid support outside 459 

the shake table to monitor the absolute displacement of the frame in the two horizontal directions. Four 460 

triaxial accelerometers were deployed on each layer to capture the absolute accelerations of the testbed 461 

(Figure 20(a) and (b)). Another four triaxial accelerometers were installed on the shake table. The 462 

sampling rate was 1000 Hz. Displacement transducers were also installed on the NRBs to measure the 463 

inter-story drift of the room (Figure 20(c)). The floor absolute velocities were obtained from the 464 

differential of the floor displacements. 465 

 466 

Figure 20. Instrumentation arrangement. 467 

Figure 21 compares the measured NEST responses with the target motions of the 21st and 22nd 468 

floors of the archetype building in both the time and the frequency domains in terms of floor 469 

accelerations, floor velocities, and inter-story drifts in the x-direction. The motions in both horizontal 470 

directions of the MZQ record were collectively scaled down to a PGA of 5.1 m/s2 in the x-direction in 471 

the trial test to ensure safety. There is a close correspondence of both the time histories and Fourier 472 

amplitude spectra between the target and NEST-measured responses. The maximum reproduction error 473 

Ef was 15.4%. A similar observation was obtained from the data in the y-direction. Although the 474 

reproduction errors in the experimental test were much larger than those in the numerical examples (see 475 
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Figure 13), the results were generally satisfactory for the open-loop control strategy considering the 476 

imperfect control of the shake table itself, the inaccurate modeling for the testbed, and noise of the 477 

measurement. A real-time feedback control system may minimize the experimental error. Full details 478 

of the implementation of the experimental tests are included in a companion paper and are out of the 479 

scope of the present paper. 480 

 481 

Figure 21. Comparisons of the target and experimental measured response in the x-direction under 482 

MZQ motion in (a) time domain and (b) frequency domain. 483 

Figure 22 compares the orbits of the absolute horizontal floor displacement of the target and the 484 

NEST responses to the MZQ motion. Despite the frictional nonlinearity, the proposed control strategy 485 

successfully empowered NEST to accurately trace the bidirectional target floor motions. 486 

 487 

Figure 22. Comparisons of the floor displacement orbits of the target and experimental measured. 488 

6. Conclusions 489 

This paper proposed a substructure testing method for reproducing multiple engineering demand 490 

parameters of two consecutive floors of a tall building for testing the seismic performance of full-scale 491 

nonstructural elements. A three-story universal testbed, NEST, was designed based on the proposed 492 

Upper floor accel.

2

0

-2

A
c
ce

l.
 (

m
/s

2
)

2

0

-2

D
ri

ft
 (

m
m

)

20

10

0

-10

0 10 20 30

Time (s) Frequency (Hz)

0.1 1 10

A
M

P

0.40

0.20

0

A
M

P
A

M
P

4.0

2.0

0

0.20

0

Bottom floor accel.

Inter-story drift

Upper floor accel.

Bottom floor accel.

0.8

0.4

0

-0.4

-0.8

V
e
l.
 (

m
/s

)

0.8

0.4

0

-0.4

-0.8

A
M

P

0.20

0.10

0

A
M

P

0.20

0.10

0

Upper floor vel.

Bottom floor vel. Bottom floor vel.

Upper floor vel.

4

-4

4

-4

0.40

Inter-story drift

-20
fU2

fU1

fU1

fU1

fU1

Target Measured

|Ef|=12.9%

|Ef|=15.4%

|Ef| =10.8%

|Ef|=10.6%

|Ef|=9.6%

(a) (b)

Dispx (mm)
0 100 300-200-300 -100 200

D
is

p
y 

(m
m

)

300

100

0

-100

-300

200

-200

Bottom floor Upper floor

Dispx (mm)
0 100 300-200-300 -100 200

Target Measured



22 

 

sub-structuring method to host the specimens of concerns. A method of determining the required 493 

stiffnesses and masses of each story of the substructure testbed was proposed to tune its dynamic 494 

property to enable the simulation of different parent buildings with much reduced demand for the shake 495 

table. An open-loop IDCS algorithm with offline iteration is employed to generate the input excitation 496 

of the shake table to achieve an accurate reproduction of the floor responses on the nonlinear 497 

substructure testbed. Numerical examples and experimental validations were performed to illustrate and 498 

validate the developed techniques. The following conclusions can be drawn from the results. 499 

(1) The designed friction pendulum-rubber bearing-and-mass substructure testbed, NEST, is capable 500 

of reproducing horizontal bidirectional floor motions of the archetype building without imposing 501 

additional demands for conventional earthquake-simulating shake tables, which already exist in many 502 

earthquake engineering labs. 503 

(2) The proposed open-loop LQR-IDCS algorithm with offline iteration is proved an effective 504 

nonlinear control strategy for this task. It enables the generation of suitable input waves of the shake 505 

table, allowing the nonlinear substructure testbed to accurately trace the bidirectional target floor 506 

motions. 507 

(3) The proposed weighted update method in the offline iteration procedure significantly reduces 508 

the computational efforts and speeds up the convergence when generating the shake table input waves. 509 

The Fourier spectral errors decrease to below 10% by only a few offline iterations in the numerical 510 

domain. 511 

(4) Using the proposed experimental method, the multiple responses at the middle floor of a high-512 

rise building were reproduced reasonably by the substructure shake table test, with the Fourier spectral 513 

error of approximately 15%.  514 

It should be noted that the proposed control strategy for NEST is an offline method and does not 515 

account for the nonlinearity of the nonstructural element specimens. It may impair the control accuracy 516 

and cause problems if the nonstructural specimens (e.g., firmly-connected partition walls, strong risers 517 

between the two floors) significantly contribute to the structural properties of NEST. In such cases, the 518 

proposed substructure shake table testing method needs to be further enhanced by the following two 519 

strategies: (1) developing a control strategy capable of handling the inter-story nonlinearity induced by 520 

the specimens, and (2) implementing a real-time feedback control system. 521 
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