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Abstract: Base isolation is among the most effective techniques for safeguarding buildings against 11 

earthquakes. Similar to non-isolated buildings, the seismic performance of a base-isolated building can 12 

vary not only due to the inherent record-to-record variability in earthquake ground motions but also the 13 

non-negligible influence of uncertainties associated with structural properties. Introducing an isolation 14 

layer of isolation bearings and energy dissipators to the building further adds to the source of uncertainties, 15 

raising the question regarding the reliability of base isolated buildings. This study proposed a 16 

methodology that employs the probability density evolution method (PDEM) with local time grid 17 

refinement to evaluate the reliability of a base-isolated structure and its non-isolated counterpart under 18 

earthquakes of various magnitudes and fault distances. It allows for simultaneously considering the 19 

uncertainties of various sources in the reliability analyses with affordable computational cost, including 20 

those of the ground motions, of the structural nonlinearity, and of the ultimate states that define the 21 

reliability. The results show that the base-isolated building exhibits much higher reliability than its non-22 

isolated counterpart in all cases even if the ultimate behavior such as the isolator fracture or the impact 23 

to the retaining wall is considered. The added source of uncertainties in the isolation layer does not exhibit 24 

a notable impact on the reliability. In contrast, the seismic reliability of base-isolated buildings is much 25 

less sensitive to structural uncertainties than that of their non-isolated counterparts. 26 

Keywords: failure probability; probability density evolution method; rubber bearing fracture; impact to 27 

retaining wall; uniform reliability. 28 

1. Introduction 29 

Base isolation is among the most effective techniques for protecting building structures from 30 

earthquake damage. In base-isolated structures, laterally flexible isolators and supplemental energy 31 

dissipators are inserted at the base to elongate the fundamental period of the system, thereby, reducing 32 

the seismic responses of the superstructure [1]. The superior performance of seismic isolation in several 33 

major earthquakes in the recent decades has promoted the construction of a steadily increasing number 34 

of seismically isolated buildings worldwide [2, 3]. 35 

Similar to non-isolated buildings, the seismic performance of a base-isolated building can vary due 36 

to the inherent record-to-record variability in the ground motions of future earthquakes. The underlying 37 

premise of seismic isolation was primarily based on the observation that most earthquake strong motion 38 

records have much lower spectral accelerations in the longer period range of more than 2 s [4]. With the 39 

rapidly developing worldwide seismic monitoring networks, however, more and more records from near-40 

source sites have been obtained [5, 6, 7], which often contain large velocity pulses in the long-period range 41 

of approximately 2 to 5 s [8] or even longer [9]. Such long-period motions can drive flexible isolation 42 
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systems of similar fundamental periods to sustain excessive displacement in the isolator and thus pose 43 

risks of isolator fracture or impact with the retaining walls [10, 11], endangering the functionality and even 44 

the safety of the superstructures. 45 

The record-to-record variability in ground motions has been properly considered in the probabilistic 46 

seismic performance assessment of seismic buildings. A common practice of that is to select a limited 47 

suite of ground motions and then generate a large number of earthquake realizations. In this way, the 48 

reliability of seismic buildings in front of the uncertainties of ground motions can be obtained by the 49 

probability of the structural responses exceeding a limit state [12]. In recent years, the reliability of base-50 

isolated buildings has been studied [13, 14, 15], the results show that base-isolated buildings generally have 51 

higher reliability than non-isolated ones [16]. 52 

In addition to the record-to-record variability in ground motions, the uncertainties associated with 53 

the structural parameters may also have non-negligible influences on the structural reliability. The 54 

mechanical properties of the superstructure are inherently uncertain due to variabilities and/or errors in 55 

their material properties, element dimensions, construction control, and/or installation quality [17, 18, 19]. 56 

Introducing an isolation layer to buildings further adds to the source of uncertainties. It is reported that 57 

the lateral properties of lead rubber bearings (LRBs) and high damping rubber bearings (HDRBs) in 58 

Japan may deviate from their nominal values by up to 20% to 25% because of aging, ambient temperature, 59 

load history, frequency of loading cycles, etc. [20]. Such added uncertainties may propagate in the 60 

structural system and result in more significant deviations in the structural responses from the assumed 61 

nominal values in a deterministic design [21, 22]. Contrary to the popular opinion that the uncertainties of 62 

structural parameters are trivial compared to those of ground motions, the importance of the uncertainties 63 

of structural parameters can be much greater than those of the ground motion when the coupling effect 64 

of randomness and nonlinearity of structural materials becomes dramatic [23]. This casts doubts on the 65 

reliability of the superior seismic performance of base isolated buildings, especially in comparison with 66 

non-isolated buildings [24]. 67 

Considering the difficulties in handling the high dimensional problem of coupled randomness and 68 

nonlinearity, a fair comparison between the seismic reliability of non-isolated and base-isolated buildings 69 

is challenging. Although the reliability of non-isolated buildings has been widely studied in recent years 70 

[25, 26, 27], the reliability analysis of base-isolated buildings needs to include additional random variables 71 

for the key components in the isolation layer. A Monte Carlo simulation (MCS) for this purpose may be 72 

inadequate and locally redundant to reflect the physical properties of the stochastic system[28]. Therefore, 73 

it is needed to increase the number of random samples to improve the accuracy of results, leading to 74 

unacceptable computational costs for complicated problems[29]. Although the variance-reduction 75 

techniques such as the importance sampling [30] and the subset simulation [31] offer a significant reduction 76 

of computational efforts over MCS, they still require a few thousands of runs of nonlinear time history 77 

analyses, which are still costly for parametric analyses [32, 33]. As a result, most existing relevant studies 78 

have to simplify the superstructure or the isolation layer as linear or equivalent linear models [21, 34, 35, 36], 79 

or completely neglecting the uncertainties in either the earthquake excitation or the isolation system [37, 80 

38]. Another common practice is to assess the reliability with dozens of ground motions. Then the 81 

uncertainties of modeling can be considered in the analysis by adding a presumed dispersion [39]. Such 82 

simplified treatments are far from realistic because they either overlook the high nonlinearity induced by 83 

the impact to the retaining walls or the fracture of isolators, the two most realistic ultimate states of an 84 

isolation layer [40], or fail to consider the combined effect of uncertainties from the two primary sources, 85 

that is, the input to the system and the system itself. 86 
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The probability density evolution method (PDEM) developed in the recent years provides a 87 

promising tool to meet this challenge [41, 42, 43]. The PDEM requires only a controlled number of 88 

representative points in the whole probability space, and therefore greatly reduces the computational cost 89 

of structural reliability analyses [33]. Chen et al. [44] was the first to use the PDEM to analyze the seismic 90 

reliability of base-isolated structures. Their work is followed and extended to applications in a variety of 91 

advanced seismic isolation systems such as sliding hydromagnetic bearings [45], sliding implant-magnetic 92 

bearings [46], and inerter-based isolation [47]. However, these studies continue to assume a linear 93 

superstructure for simplicity. This may understate the building’s seismic risk because the structure will 94 

not sustain damage during the time history response. To make the models more realistic, Peng et al. [48] 95 

calibrated a sophisticated finite element model against the experimental results of a shake table test. 96 

However, in evaluating the stochastic seismic response and the reliability of the model and its base-fixed 97 

counterpart, this study only considered the uncertainty of the ground motions and did not take full 98 

advantage of PDEM to simultaneously consider the uncertainties of the structural parameters, especially 99 

the risks of the impact to retaining walls or the fracture of isolators. 100 

Taking the advantage of the PDEM, this study aims to evaluate the seismic reliability of base-101 

isolated buildings in comparison with the non-isolated counterparts with comprehensive consideration 102 

of the nonlinearities in both the superstructure and the isolation layer, and the uncertainties associated 103 

with both the earthquake scenarios and the properties of the structural systems themselves. A local time 104 

grid refinement technique is introduced to the PDEM to adapt to the highly nonlinear behavior of the 105 

isolator when it fractures or impacts to retaining walls. The record-to-record variability of ground 106 

motions is parameterized by matching the responses spectra of realistic ground motion records with the 107 

conditional mean spectrum (CMS) of prescribed earthquake scenarios defined by magnitudes and fault 108 

distances. In the remainder of this paper, Section 2 introduces the archetype structural models of concern. 109 

Sections 3 and 4 describe in detail the methodology, including the ground motion matching technique, 110 

the PDEM, and the local time grid refinement. Section 5 presents the results and discussions. Section 6 111 

concludes this paper. 112 

2. Structural models 113 

A multistory base-isolated building (eight stories above ground and a single-story basement) 114 

conforming to the Japanese seismic design practice is taken as the archetype building in this study. It is 115 

a hospital building located in a sand-gravel soil site (VS400 m/s) with the seismic performance target of 116 

maintaining its functionality under Level-2 earthquakes (usually represented by a 2%-in-50-yrs 117 

probability of recurrence and a 0.5 m/s peak ground velocity) in the Japanese design practice. The 118 

superstructure consists of a reinforced concrete (RC) frame with shear walls. The isolation layer is below 119 

the basement and consists of a combination of natural rubber bearings (NRBs) and lead rubber bearings 120 

(LRBs). The design of the building is appended as a realistic design case to the Recommendation for the 121 

Design of Seismically Isolated Buildings [49], which a more detailed description is referred to. This section 122 

introduces the numerical model to simulate the nonlinear response of the archetype building. 123 

2.1 Superstructure 124 

The superstructure is modelled by a lumped mass-shear spring model. It also serves as the non-125 

isolated counterpart for comparison with the base-isolated archetype building [Fig. 1(a)]. Since the 126 

basement floor (BF) is provided with a plenty of shear walls and its story stiffness is an order of 127 

magnitude larger than those of the above-ground stories, the superstructure is assumed to be fixed at the 128 

bottom of the basement and the backfill soil is neglected when it is taken as the non-isolated counterpart. 129 
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 130 

Figure 1. Numerical model for the superstructure: (a) the lumped mass model, (b) the hysteresis curve, 131 

(c) the skeleton curve, (d) the initial stiffness distribution, and (e) the plastic strength distribution. 132 

The hysteresis behavior of each story is simulated by a shear spring of the modified Takeda model 133 

[50] with a peak-oriented hysteresis curve [Fig. 1(b)] and a quadrilinear skeleton curve [Fig. 1(c)]. The 134 

skeleton is defined by the crack point (uc, Qc), yield point (uy, Qy), and ultimate strength point (up, Qp), 135 

thereby defining the tangent stiffness k1, k2, and k3, respectively. The plastic strength Qp is assumed to be 136 

Ωp times Qy, where Ωp=2.5 is the suggested overstrength factor of concrete shear wall structures 137 

according to Table 5.5 of the HAZUS Technical Report [51]. k4 is assumed to be zero to represent perfect 138 

plasticity. kul is the unloading stiffness given by Eq. 1 once the yield strength Qy is exceeded in one 139 

direction. 140 

 ��� = �� �
��

��

�
�.�

 (1) 

where ky is the slope of a line joining the yield point in one direction to the cracking point in the other 141 

direction. um is the maximum deformation attained in the direction of the loading, and uy is the 142 

deformation at yield. 143 

The height-wise distributions of the initial story stiffness k1 and normalized yield strength Qy/W are 144 

depicted in Fig. 1(d) and (e), where W is the total weight of the superstructure. The nominal values of 145 

other parameters are provided by AIJ [49] and included in Appendix A1 for the readers’ information. The 146 

superstructure is assumed to have a nominal 3% stiffness-proportional damping for the first mode. The 147 

fundamental period of the fixed-base numerical model is Tfix=0.59 s. The height-to-width ratio and the 148 

height of the archetype building are 0.55 and 34m, respectively. Therefore, the uplift failure of the 149 

isolators and the P-Delta effect of the superstructure are not considered according to the suggestion of Li 150 

and Wu [52] and Dhawale et al. [53]. 151 

2.2 Isolation layer 152 

The isolation layer consisting of a combination of NRBs and LRBs is simulated by a single shear 153 

spring with three hysteresis models of different complexities to simulate the different scenarios of 154 

ultimate states. In the “ideally isolated” model, the isolators are simulated by the KikuchiAikenLRB 155 

material model [54] that considers the hardening of lead-rubber bearings at large shear strains. The isolator 156 

is assumed not to fail even under excessive lateral displacement, representing an unrealistic “happy 157 

model” that no ultimate state is present [Fig. 2(a)]. The initial stiffness ki, post-yield stiffness kd, and 158 

characteristics strength Qd of individual rubber bearings are determined by Eq. 2. The total nominal initial 159 

stiffness ki, post-yield stiffness kd, and characteristics strength Qd of the isolation layer are 2.10106 kN/m, 160 

1.62105 kN/m, and 2.34104 kN, respectively. The nominal values of the other parameters of the NRBs 161 
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and LRBs are referred to Appendix A2. The isolation periods corresponding to the nominal values of the 162 

isolator’s initial stiffness ki and post-yield stiffness kd are Tini=1.20 and Tiso=3.91 s, respectively. The 163 

latter is more than 6 times longer than that of the fixed-base superstructure of 0.59s. 164 

 �� =
�� ∙ ��

��

+
�� ∙ ��

��

, �� = � ∙ ��, �� = ��� ∙ �� (2) 

where Gr is the shear modulus of rubber; �� is the apparent shear modulus of lead; Ar and Ap are the 165 

area of rubber layer and lead plug, respectively; Hr is the total thickness of rubber layers; � is the ratio 166 

of initial stiffness to post-yield stiffness; and ��� is the yield shear stress of lead. 167 

 168 

Figure 2. Numerical models of the base-isolated archetype: (a) ideally isolated, (b) isolated with 169 

fracture, and (c) isolated with impact models. 170 

The other two models introduce one of the most-commonly-conceived ultimate states of the 171 

isolation layers, that is the impact to the retaining walls and the fracture of the rubber bearings, to the 172 

“ideally isolated” model. In the “isolated with fracture” model, the rubber bearings are conservatively 173 

assumed to exhibit a sudden fracture at 400% nominal shear strain [corresponding to a certain ultimate 174 

lateral displacement du in Fig. 2(b). After the isolator fractures, the superstructure is assumed to fall and 175 

rest on some “fail and safe” devices [55] and the shear force Q is transferred by the large static friction in 176 

between. This post-fracture behavior is simulated by a linear elastic behavior of a supposedly large 177 

enough stiffness kf = 11010 kN/m.  178 

In the “isolated with impact” model, on the other hand, retaining walls with backfill soil are 179 

introduced to both sides of the “ideally isolated” model. The basement of the superstructure (i.e., mb and 180 

m0) is supposed to knock on the retaining walls once the lateral displacement of the isolation layer 181 

exceeds a pre-assumed isolation gap, dgap [Fig. 2(c)]. The retaining wall is simulated by an impact model 182 

of a linear elastic spring with stiffness kw and initial gaps on both sides of the origin. The nominal impact 183 

stiffness kw is estimated by assuming that the period of the retaining wall-rigid superstructure system is 184 

Q

ki kd

Q

d
kf

kf

Fracture

Fracture

du

Q

kw

kw

Q

ki kd

(a) (b) (c) 

m0

1F

BF

8F

2F

• 
• 

• 

m1

m2

m8

3F

mb

m0

1F

BF

8F

2F

• 
• 

• 

m1

m2

m8

3F

mb

m0

m1

m2

m8

mb

du

d d d
dgap

dgap

1F

BF

8F

2F

• 
• 

• 

3F

Isolation layerIsolation layer

Impact

+

Retaining wall 
with backfill

Qd Qd



6 
 

equal to the fundamental period of the fixed-base superstructure Tfix (Eq. 3) [56]. For the archetype 185 

building in this study, the thus-estimated impact stiffness is kw=0.7107 kN/m. 186 

 �� =
∑ �

(2� ����⁄ )�
 (3) 

where ∑ � is the total mass of the superstructure. 187 

In practical design, the isolation gap size is usually required to be 1.2 times of the maximum isolator 188 

displacement under maximum considered earthquakes [57]. For easy comparison purposes, however, the 189 

nominal dgap is taken equal to du in the “isolated with fracture” model in this study. 190 

2.3 Random variables 191 

The key structural parameters of both the superstructure and the isolation layer are taken as random 192 

variables in the following reliability analysis (Table 1). For the superstructure, the story masses, initial 193 

stiffnesses, and the overall damping ratio determine the dynamic properties in the linear elastic regime 194 

of the structure. To consider their variability, the nominal values as described in Section 2.1 are varied 195 

by scalar random variables ’s that follow a standard normal distribution with 25% coefficient of 196 

variation (COV). To further consider the variability in the nonlinear behavior of the superstructure, the 197 

yield deformation uy of each story, which governs the skeleton curve in Fig. 1(c) together with k1, is also 198 

multiplied by a similar random variable u. In such a manner, the related parameters on the skeleton 199 

curves such as the yield and ultimate strength, Qy and Qu also become random variables associated with 200 

u. 201 

For the isolation layer, the shear modulus of rubber, Gr, determines the post-yield stiffness of the 202 

isolator, and the yield shear stress of lead pb determines the overall yield strength of the isolator [58]. 203 

They are taken as random variables to address the variability in both the linear and nonlinear behavior of 204 

the isolator. In the “isolated with fracture” and “isolated with impact” models, another two parameters, 205 

that is, the ultimate isolator displacement and the impact stiffness, are also taken as random variables to 206 

address the variability in the ultimate states of the isolation layer. To provide as a common base for 207 

comparing the influences of uncertainties from ground motions and structural properties on the structural 208 

reliability, the distributions and variances of the random variables of the structural parameters are 209 

assumed the same as those of the earthquake ground motion parameters, which are much more difficult 210 

to control in the reliability analysis as will be further elaborated in Section 3. The properties of all the 211 

random variables for the structural models are summarized in Table 1. 212 

Table 1. Properties of random variables in reliability analysis. 213 

Variables Notation Distribution Mean COV 

Super-
structure 

Scale factor for mass αm Normal 1 25% 

Scale factor for damping ratio αh Normal 1 25% 

Scale factor for k1 αk Normal 1 25% 

Scale factor for yield disp. uy αu Normal 1 25% 

Isolation 
layer 

Shear modulus of rubber Gr Normal 0.385 MPa 25% 

Yield stress of lead plug pb Normal 7.967 MPa 25% 

Ultimate isolator displacement du or dgap Normal 0.64 m 25% 

Impact stiffness kw Normal 0.7107 kN/m 25% 

Ground 
motions 

Earthquake moment M Normal 5.5 to 8.0 Mw 25% 

Fault distance RJB Normal 5 to 40 km 25% 
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The assumed distribution and extent of variation may not represent a realistic distribution. For 214 

example, Taflanidis and Jia [24] suggest that the mass, damping ratio, and initial stiffness k1 can be taken 215 

as variables following a log-normal distribution with a COV of 10%, a log-normal distribution with a 216 

COV of 30%, and a normal distribution with a COV of 10%, respectively. While it is possible to adopt 217 

more realistic assumptions on the different random variable parameters, such differences are intendedly 218 

eliminated to ensure a fair comparison and to avoid the possible influence of the lack of knowledge on 219 

the results. For a fair comparison, it is favourable to use the same assumptions for random variables in 220 

the two systems of concern. This is, however, impossible for the comparison of the isolated building and 221 

its non-isolated counterpart because the former contains more random variables in the analysis. 222 

3. Stochastic ground motion records 223 

Also listed in Table 1 are the random variables for parameterizing the variability of earthquake 224 

ground motions, which is another important source of uncertainty to the structural seismic performance. 225 

In assessing the seismic performance of a deterministic structural model, it has become a common 226 

practice to select a suite of ground motion records in realistic earthquakes to consider such uncertainty, 227 

or what is usually referred to as the record-to-record variability [57, 59]. In reliability analysis, however, 228 

artificial synthetic earthquake records are usually preferred over the realistic earthquake ground motion 229 

records [48] because the realistic ground motions are limited in quantity and difficult to parameterize [60]. 230 

But the use of artificial synthetic earthquake records is troubled by some unsolved problems, including 231 

the possible regional dependence of ground motions [61], the effect of rupture complexity on near-source 232 

ground motions [62], the spatial variability of shaking [63], and the determination of upper bounds on 233 

ground motions [64]. As mentioned before, base-isolated buildings are considered to be most vulnerable 234 

to near-source ground motion records, especially the pulse-like long period motions, which is challenging 235 

for artificial synthetic earthquakes. 236 

Taking advantage of the fast-expanding database of strong motion records, the use of records from 237 

realistic earthquakes has become more feasible in this area [65]. To examine the reliability in different 238 

earthquake scenarios, the nominal values of the Joyner-Boore distance (RJB) vary from 5 to 40 km with 239 

the nominal moment magnitude (Mw) of 7.0, and the nominal values of the Mw vary from 5.5 to 8.0 with 240 

the nominal RJB of 10 km [Fig. 3(a)]. For a certain Mw and RJB, a corresponding conditional mean 241 

spectrum (CMS) can be generated [66] and then a library of realistic ground motions can be examined to 242 

selected the one that best matches the CMS [14, 16]. This best matched ground motion can be regarded as 243 

the one corresponding to the certain Mw and RJB. To determine the goodness of matching, the sum of 244 

squared errors (SSE) between the ground motion’s spectrum and the CMS is used: 245 

 ��� = � ������� ∙ �� − ��,��������
�

�������

���
 (4) 

where ������ is the spectral acceleration of the ground motion at period Tp, ��,������� is the CMS 246 

value at Tp, SF is the scale factor in the range between [1, 10], ninterp=30 is the number of logarithmically 247 

interpolated points on the period between 0.1 and 5s. The entire CMS procedure starts from a design Sa 248 

value at a specified period T*, which is typically chosen as the first-mode period of the structure [67]. To 249 

apply the same set of ground motion records to the non-isolated and isolated structures, T* = 1 s is chosen. 250 

An example of a CMS and the best matched response spectrum is shown in Fig. 3(b). 251 
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 252 

Figure 3. (a) Considered earthquake scenarios, and (b) an example of ground motion matching. 253 

The seismic moment and fault distance are assumed to follow a normal distribution with a COV of 254 

10%, which is typical for most engineering system parameters [1]. Then a total of 282 samples and their 255 

assigned probabilities are derived for the 10-dimensional random variables in this study by the rotational 256 

quasi-symmetric points method [68]. However, the error in matching ground motion records with the 257 

CMSs from realistic earthquake results in more uncertainties. Taking the nominal Mw of 7.5 and nominal 258 

RJB of 10 km as an example, the actual Mw and RJB of the 282 matched spectra are shown in Fig. 4(a), 259 

including 31 pulse-like records and 251 non-pulse-like ones. The acceleration spectra of these matched 260 

ground motions are shown in Fig. 4(b), in which the averaged COV is 25% at all the logarithmically 261 

interpolated points on the period between 0.1 and 5s. The mean and standard deviations (S.D.) of the 262 

response spectra of the best matched ground motions are compared with those of the target CMSs in Fig. 263 

4(c), in which the mean + S.D., mean, and mean – S.D. are depicted from top to bottom, respectively. As 264 

shown in Fig. 4(c), the response spectra of the best matched ground motions have similar means and 265 

deviations to those of the target CMSs. 266 

 267 

Figure 4. (a) The distribution of Mw and RJB and (b) the acceleration spectra of the matched records 268 

(nominal Mw=7.5, RJB = 10km), and (c) comparison of the matched records and the target CMSs. 269 

The COV of the best matched ground motions is larger than that of the pre-assumed 10%, thus the 270 

seismic reliability obtained by using these matched ground motions is biased. However, the seismic input 271 

for the non-isolated and base-isolated structures are identical in any earthquake scenario. As a result, the 272 

seismic reliabilities between the two are comparable. On the other hand, the averaged COV of the best 273 

matched ground motions remains constant throughout a range of magnitudes and fault distances (Fig. 5), 274 

suggesting that the bias across various earthquake scenarios is consistent. Consequently, the seismic 275 

reliabilities among various earthquake scenarios are also comparable. 276 
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 277 

Figure 5. The averaged COV of the matched records for: (a) different nominal fault distances (nominal 278 

Mw = 7.0), and (b) different nominal magnitudes (nominal RJB = 10 km). 279 

4. Application of PDEM-based reliability analyses 280 

4.1 PDEM with first-passage failure criterion 281 

The PDEM is adopted for the reliability analyses to handle the high dimensional problem of coupled 282 

randomness and nonlinearity. Without loss of generality, the equation of motion of a stochastic structural 283 

system under dynamic excitation can be written as Eq. (5), where the seismic response of the system 284 

under uncertain conditions depends on the random variables � and time t. 285 

 �(�)�̈ + �(�)�̇ + �(�, �) = −����̈(�, �) (5) 

where M is the n by n mass matrix, in which n = 9 for the non-isolated and n = 10 for the base-isolated 286 

structures are the number of freedom of the system; C is the n by n damping matrix; f is the nonlinear 287 

restoring force vector; I is an n-order column vector with all elements equal to unity; ��̈ is the ground 288 

motion history; � = (��, ��, … , �� )�  is a random vector characterizing the randomness of both the 289 

structure itself and the seismic excitation, in which m = 6 for the non-isolated and m = 10 for the base-290 

isolated structures are the number of random variables as shown in Table 1; � = (��, ��, … , ��)� is an 291 

n by 1 relative displacement vector. 292 

Since all sources of randomness are included in the random vector � , the augmented system 293 

(�(�), �) is probability-preserved. Therefore, the generalized density evolution equation (GDEE) [69] is 294 

obtained as: 295 

 
∂���(��, �, �)

∂�
+ ��̇(�, �)

∂���(��, �, �)

∂��

= 0 (6) 

where ��� is the joint probability density function (PDF) of the random system and ��̇(�, �) is the 296 

velocity process of the i-th freedom for a given realization �  of the random vector � . The 297 

corresponding initial condition is: 298 

 ���(��, �, �)|��� = ���� − ��,������(�) (7) 

in which �(∙) stands for Dirac’s function and x0 is the initial value.  299 

Merely obtaining the probability density evolution of structural responses is inadequate for a 300 

reliability assessment. The latter corresponds to the probability of structural responses exceeding a limit 301 

state. For a dynamic system, the probability of exceeding a limit state can be described as the first-passage 302 

probability, i.e., the evolution of a particle passing over the boundary Xi = XB at some time t. This process 303 

corresponds to the GDEE with an absorbing boundary at XB, whose solution ���(��, �) satisfies: 304 

 ���(�� > ��, �) = 0  (8) 
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where ‘��’ denotes the remaining probability density. Therefore, the structural dynamic reliability R(t) can 305 

be given by: 306 

 �(�) = � � ����(��, �, �)d�
��

d��

�

��

  (9) 

where Ω� is the distribution domain of �. 307 

PDEM tackles stochastic dynamical problems by solving the GDEE in Eq. (4) [41]. For systems 308 

discretized by the finite element method, it is difficult to obtain a closed-form solution of the velocity 309 

process ��̇. In this study, we solve the GDEE by the following four steps (Fig. 6): 310 

(1) Select the representative point set ����
���

����
 and determine their assigned probabilities from the 311 

distribution domain of the random vector �  [68], where nres = 282 is the required number of 312 

representative points; 313 

(2) Perform nonlinear time history analyses of the determinant system corresponding to each 314 

representative point �� (q = 1, 2, ⋯, nres) to obtain its velocity process ��̇���, ��; 315 

 316 

Figure 6. Flowchart of the PDEM. 317 

(3) Substitute ��̇���, �� into the GDEE (Eq. 6) and solve it by the finite difference method with 318 

the total variation diminishing (TVD) scheme [41] to derive the joint PDF ����(��, �, �); 319 

(4) Obtain the instantaneous reliability of the response ��(�, �) by synthesizing all the results for 320 

the representative points (Eq. 9). 321 

The details of solving the GDEE is referred to Chen and Zhang [42], Chen et al. [43], and Chen et al. 322 

[69]. 323 

4.2 Limit states for absorbing boundaries 324 

A base-isolated structure may have multiple failure modes, depending on how failure is defined. For 325 

example, the rubber bearings in the isolation layer may exhibit sudden fracture, the basement of the 326 

superstructure may knock on the retaining walls once the lateral displacement of the isolation layer 327 

exceeds the limit, and the superstructure may collapse once the lateral story drifts are concentrated in one 328 

story as a weak story failure. Despite the many failure modes, the ultimate failure of the building under 329 

earthquake is defined in this study by its incapability of providing a safe space for the occupants, that is, 330 

the collapse of the superstructure. To make a direct comparison between the isolated and the non-isolated 331 

buildings, the collapse of the superstructure is defined as the ultimate failure mode and the two typical 332 

failure modes of the isolation layer and their possible effects on the safety of the superstructure are 333 
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explicitly modeled in the numerical models of this study. 334 

The maximum inter-story drift ratio (θmax) over floors indicates the most heavily damaged floor, the 335 

collapse of which may lead to the failure of the entire building [70, 71]. ASCE 7–10 [72] specifies that the 336 

θmax of a seismically isolated building shall not exceed 2%. But, when the 2nd-mode effects of the isolation 337 

system are ignored, this limit is decreased to 1% by the code, which is the typically preferred limit in 338 

practice [1, 20]. GB/T [57] requires that the θmax of a RC frame-shear wall superstructure shall not exceed 339 

0.5% for rare earthquakes (2%-in-50-yrs) and 1% for very rare earthquakes (0.5%-in-50yrs). In AIJ [73] 340 

and JSCA [74], the θmax of the superstructure are limited to 1% and 1.3% for Level-2 (2%-in-50-yrs) and 341 

Level-2+ (0.5%-in-50-yrs) earthquakes, respectively. Consequently, the θmax of absorbing boundaries in 342 

this study are θlimit = 1% and 2%. 343 

4.3 Local time grid refinement 344 

The finite difference method with TVD scheme exhibits satisfactory performance in the probability 345 

density evaluation analysis [75], and is adopted in this study. TVD is an explicit difference scheme, which 346 

needs to satisfy the Courant-Friedrichs-Lewy condition in Eq. (10) to ensure convergence. 347 

 Δ� ≤
Δ�

���̇���, ����
 (10) 

where Δ� and Δ� are the time and space steps, respectively, ��̇���, ��� is the value of the velocity 348 

process of the i-th structural response for the q-th realization at time j. 349 

In this study, the solution of PDEM involves stochastic processes with severe variations in the 350 

velocity due to the high nonlinearity induced by the impact to the retaining walls or the fracture of 351 

isolators, characterized by the significant velocity spikes as shown in Fig. 7(a). To satisfy Eq. (10), a 352 

smaller time step is required. Since the velocity spikes are notably high and occur within a very small 353 

period of time, using a constant global time step would impose unnecessarily high computational burden. 354 

Therefore, we adopted a local time grid refinement method to handle the velocity spikes in this study. 355 

 356 

Figure 7. Examples of (a) velocity spikes and (b) local time grid refinement. 357 

As shown in Fig. 7(b), if there exists a maximum value of ��̇���, ��� between any two instances of 358 

time tj and tj+1, the interpolated time step Δ�� is obtained by Eq. 11. The thus-obtained local time grid 359 

refinement typically can save more than 40% of the computational effort. 360 

 Δ�� ≤
Δ�

max
��������

���̇���, ����
 (11) 
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5 Results and discussions 361 

5.1 Probability density evolution of structural responses 362 

Figure 8 depicts the PDF time histories of the maximum inter-story drift response over floors of the 363 

non-isolated structure in an earthquake scenario of Mw = 7.5 and RJB = 10 km. Its contour looks like a 364 

river with many whirl pools flowing within the absorbing boundaries, which dissipate the probability 365 

flow exceeding the limit state [Fig. 8(b)]. And the PDFs at any time are quite arbitrary [Fig. 8(c)]. These 366 

phenomena are similar to the findings by Chen et al. [44]. 367 

 368 

Figure 8. A PDF time history of the non-isolated structure: (a) PDF surface, (b) contour of the PDF 369 

surface, and (c) PDF curves at certain time instances. 370 

In contrast, the base-isolated structures show more stable and concentrated PDF surfaces [Fig.9(a-371 

c)], even if the impact or fracture is considered. As can be seen from Fig. 9(d-f), the impact or fracture 372 

may give rise to some sudden probability flows deviating from the main stream and reaching to the 373 

absorbing boundaries, resulting in decreased reliability. 374 

 375 

Figure 9. PDF surfaces of (a) ideally isolated, (b) isolated with fracture, and (c) isolated with impact 376 

structures; and contours to the PDF surfaces of (d) ideally isolated, (e) isolated with fracture, and (f) 377 

isolated with impact structures. 378 

5.2 Enhanced reliability of isolated structures 379 

By integrating the probability distributions within the absorbing boundaries at each instances, the 380 

temporal evolution of the cumulative probability can be obtained to give the reliability time histories of 381 
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the structures (Fig. 10). In call cases, the reliability monotonically decreases with time. This is attributed 382 

to the probability flows out of the absorbing boundaries of the limit state and never re-enter, as controlled 383 

by the first-passage criterion in Eq. (8). For each earthquake scenario, the reliability of the non-isolated 384 

structure degrades more rapidly than that of the base-isolated structures and exhibits a much lower level 385 

at the end (t = 100 s), which represents the final reliability of the structure hereinafter. 386 

 387 

Figure 10. The reliability of the structures: (a) Mw = 7.0, RJB = 10 km, θlimit = 1%, (b) Mw = 7.5, RJB = 388 

10 km, θlimit = 1%, (c) Mw = 7.0, RJB = 10 km, θlimit = 2%, and (d) Mw = 7.5, RJB = 10 km, θlimit = 2%. 389 

 390 

Figure 11. Seismic reliability for (a) Mw = 7.0 and (b) RJB = 10 km at θlimit = 1%, and (c) Mw = 7.0 and 391 

(d) RJB = 10 km at θlimit = 2%. 392 

Figure 11 summarizes the reliability of the four structures at the two limit states in all the earthquake 393 

scenarios in Fig. 3(a). Generally, the seismic reliability reduces with decrease of the fault distance or the 394 

increase of the magnitude for both the limit states of θlimit = 1% and θlimit = 2%. Compared to the non-395 
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isolated structure, the benefits of seismic isolation are pronounced in terms of enhancing the seismic 396 

reliability. The reliabilities of the isolated structures are greatly influenced by the risk of impact to the 397 

retaining walls or the fracture of isolators. Under the assumption of equal limit displacement for both the 398 

rubber fracture and the retaining wall impact, the difference in the reliabilities of the isolated with impact 399 

model and the isolated with fracture model is small. In the following discussions, the former serves as a 400 

realistic model for the base isolated building. 401 

To fit into the probabilistic framework of the performance-based earthquake engineering [76], the 402 

aforementioned results can be used to generate fragility curves, which are essential elements in assessing 403 

the seismic risk of engineering structures in the probabilistic framework [77]. By definition, the seismic 404 

reliability R can be translated to the probabilities of exceeding a prescribed limit state Pf by Eq. (12). 405 

 �� = 1 − � (12) 

On the other hand, the earthquake scenario defined by magnitude and distance can be represented 406 

by a seismic intensity measure through seismic hazard analysis [78]. In this study, the peak ground velocity 407 

(PGV) is chosen as the intensity measure because damages of numerous buildings are connected with 408 

energy, and energy depends on velocity [79]. In such a manner, the reliability R in Fig. 11 is plotted in the 409 

Pf-PGV space as shown in Fig. 12. They are fitted into the function of the cumulative lognormal 410 

distribution (Eq. 13) to give a fragility curve. 411 

 �� = Φ �
��(���/�)

�
� (13) 

where � and � are the median and logarithmic standard deviation of the intensity measure PGV for the 412 

structure to reach the prescribe limit state. 413 

 414 

Figure 12. The fragility curves of the non-isolated structure and isolated with impact structure: (a) θlimit 415 

= 1% and (b) θlimit = 2%. 416 

Referring to FEMA P-58 [59], the uncertainty in the fragility curves can be divided into the 417 

uncertainty of record-to-record variability, ��, and the uncertainty of modeling, ��. Correspondingly, 418 

the logarithmic deviation � in Eq. 13 is assumed to be the geometric sum of two separate terms, i.e., �� 419 

that corresponds to the record-to-record variability �� , and ��  that corresponds to the deviation 420 

induced by the uncertainty of modeling �� (Eq. 14). The procedure recommended by FEMA P-58 [59] 421 

explicitly considers ��  by selecting a suite of ground motion records in evaluating the seismic 422 

performance of a structure, but leaves the modeling uncertainty ��  to subjective judgement. The 423 

proposed method of reliability analysis in this study provides a comprehensive alternative to generating 424 

the fragility curves that explicitly consider the uncertainties related to both the ground motions and the 425 
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structural properties. 426 

 � = ���
� + ��

�  (14) 

To assess the influence of the uncertainty of modeling �� on the seismic reliability, the reliabilities 427 

of the structures without �� are calculated, by setting the COV of all the structural random variables 428 

as zeros. The reliability analysis results with and without �� are fitted into the fragility functions in Eq. 429 

(13) separately. As also shown in Fig. 12, neglecting the structural uncertainty �� does not much alter 430 

the median value of the intensity measure PGV, but results in an increased slope of the fragility curves 431 

and therefore has a significantly impact on the tail probability of exceedance (Fig. 13). This is especially 432 

important for assessing the seismic risk of the millions of buildings in urban areas under moderate and 433 

major earthquakes. For example, neglecting the structural uncertainty ��  may underestimate the 434 

probability of exceedance of the isolated with impact structure from 0.36% to 0% at θlimit = 1%, and 435 

underestimate the probability of exceedance of the non-isolated structure from 3.04% to 1.34% at θlimit = 436 

2%, respectively, at PGV = 0.53 m/s (close to a Level-2 earthquake in Japan). 437 

 438 

Figure 13. The impact of neglecting uncertainties in structural properties on zoom-in fragility curves at 439 

(a) θlimit = 1% and (b) θlimit = 2%. 440 

The deviations �� and �� quantify the impact of the uncertainty of record-to-record variability 441 

��  and the uncertainty of modeling ��  on the seismic reliability, respectively. Once the overall 442 

deviation � and the record-to-record deviation �� are obtained in Fig. 12, the deviation associated with 443 

modeling uncertainties �� can be approximately derived from Eq. 15 as follows. 444 

 �� = ��� − ��
� (15) 

Figure 14 summarizes the overall and partial logarithmic standard deviations of both the non-445 

isolated and the isolated structures. For the non-isolated structure, both �� and �� are 0.24, which are 446 

consistent with the recommended value of FEMA P-58 [59]. The �� of the isolated structure is slightly 447 

smaller than that of the non-isolated structure, indicating that base isolation can mitigate the influence of 448 

the record-to-record variability to some extent. Furthermore, even though the base-isolated structure 449 

introduces more random variables (m from 6 to 10), the �� is significantly smaller than that of the non-450 

isolated structure. This holds true for both limit states, suggesting that the seismic reliability of base-451 

isolated buildings is notably less sensitive to structural uncertainty than that of non-isolated structures. 452 

This is attributed to the robustness of the well-controlled deformation pattern of the isolated buildings, 453 

in which most lateral drift is concentrated in the isolation layer while the superstructure sustains 454 

minimum lateral drift and usually remains in the elastic regime. 455 
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 456 

Figure 14. The deviations of the non-isolated structure and isolated with impact structure: (a) θlimit = 1% 457 

and (b) θlimit = 2%. 458 

5.3 Seismic performance at uniform reliability 459 

Reliability lays the foundation for the state-of-the-practice structural and seismic design of 460 

engineering structures. In the commonly adopted load-and-resistance-factor design (LRFD), for example, 461 

different types of structures are supposed to exhibit similar, if not the same, level of reliability against 462 

prescribed loads. Similarly, the idea of uniform reliability provides a fair common basis for comparing 463 

the seismic performance of base-isolated buildings and the non-isolated counterparts.  464 

For the archetype buildings in this study, the aforementioned reliability analysis was performed for 465 

five different limit states of θlimit = 0.2%, 0.5%, 1%, 1.5% and 2%. The corresponding fragility curves 466 

fitted from the reliability data points are depicted in Fig. 15. At a uniform reliability level, e.g., R=95%, 467 

the different limit states are supposed to be exceeded at different PGVs. They are plotted against the 468 

corresponding θlimit in Fig. 16(a), in which the horizontal axis PGV is the intensity measure (IM), and the 469 

vertical axis θlimit serves as a damage measure (DM).  470 

 471 

Figure 15. Fragility curves at multiple limit states of limit. 472 

It can be seen from Fig. 16(a) that the damage extent of the base-isolated structure is much lower 473 

than that of the non-isolated structure at R = 95%. For the non-isolated structure, the θlimit is 2% at PGV 474 

= 0.51 m/s, which is consistent with the acceptance limit specified in ASCE 7-05 [80] during a maximum 475 

considered earthquake (PGV = 0.50 m/s in Japanese design). For the base-isolated with impact structure, 476 

the θlimit is 0.5% at PGV = 0.74 m/s, which is in line with the performance target in the Recommendation 477 

for the Design of Seismically Isolated Buildings during a Level-2+ earthquake (PGV = 0.75 m/s in 478 

Japanese design) [49]. This observation shows that the performance targets of these archetype structures 479 

approximately have a reliability of R=95%. 480 
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 481 

Figure 16. (a) IM-DM and (b) Normalized IM-DM plots at uniform reliability of the non-isolated 482 

structure and isolated with impact structure. 483 

The PGVs in Fig. 16(a) are normalized by the PGV value at θlimit = 2% to give Fig. 16(b). It is 484 

evident that the damage extent of the non-isolated structure gradually increases as the seismic intensity 485 

PGV increases, while the damage to the base-isolated structure remains very light for an extended range 486 

of IM before it suddenly increases when a certain limit is exceeded. 487 

This observation is associated with the two ultimate states of high nonlinearity in the isolation layers, 488 

that is, the impact to the retaining walls and the fracture of the rubber bearings. Recent studies suggest 489 

some potential solutions to prevent it, such as adopting isolators with variable stiffness [81, 82] or damping 490 

[83], or installing flexible constraints within the isolation layers [84]. These studies can provide greater 491 

restoring forces during large displacements of the isolation layers, thereby avoiding the exceedance of 492 

these ultimate states and improving the structural reliability. 493 

6. Conclusions 494 

This study evaluates the advantage of base isolation in enhancing the seismic reliability of buildings 495 

by comparing with the non-isolated counterparts. The reliability analyses comprehensively considered 496 

the nonlinearities in both the superstructure and the isolation layer, and the uncertainties associated with 497 

both the earthquake scenarios and the properties of the structural systems themselves. A local time grid 498 

refinement technique is introduced to the PDEM to adapt to the highly nonlinear behavior of the isolator 499 

when it fractures or impacts to retaining walls. The record-to-record variability of ground motions is 500 

parameterized by matching the responses spectra of realistic ground motion records with the CMS of 501 

prescribed earthquake scenarios defined by magnitudes and fault distances. The following conclusions 502 

can be drawn from the results. 503 

(1) The uncertainty of structural properties and the significant nonlinearity induced by the impact to 504 

the retaining walls have substantial influences on the reliability of achieving the seismic performance 505 

objectives of base-isolated buildings, especially when probability of failure needs to be strictly controlled 506 

for buildings of important functions. 507 

(2) Although it introduces additional uncertainties in the isolation layer compared to conventional 508 

fixed-base structures, base isolation can not only greatly enhance the seismic reliability of a building but 509 

also make it much less sensitive to the structural uncertainties, even if the ultimate behavior such as the 510 

isolator fracture or the impact to the retaining wall is considered. 511 

(3) At uniform reliability, the damage extent of base-isolated structures is much lower than that of 512 

the non-isolated structure. However, as the seismic intensity increases, the damage extent may suddenly 513 

increase in base-isolated structures outpaces that in non-isolated structures. 514 
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The above conclusions are based on certain assumptions, which may deserve further studies. First, 515 

although the CMS-based ground motion matching is introduced, the use of real ground motion records 516 

rather than artificially generated records is at the cost of the mathematical rigorousness of assigned 517 

probabilities of the representative points. It also makes it difficult to distinguish the effect of near-fault 518 

pulse-like ground motions on the reliability of base-isolated buildings. Second, all the random variables 519 

are assumed to follow the same probabilistic distribution and have the same COV for the comparison 520 

purpose. Their true distributions and COVs are worthy of further investigation for a more realistic 521 

assessment of the reliability. 522 
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Appendix A 715 

The nominal parameters of the modified Takeda model and KikuchiAikenLRB material adopted for 716 

numerical analysis in OpenSees are listed in Table A1 and Table A2, respectively. 717 

Table A1. Nominal parameters of the modified Takeda model 718 

Story Mass (ton) uc (m) Qc (kN) uy (m) Qy (kN) up (m) Qp (kN) 

8 428.57 0.00010  420  0.00124  4620  0.00494  11550.00  

7 5448.98 0.00059  5950  0.00286  19552  0.01542  48880.00  

6 4142.86  0.00099  11046  0.00404  29459  0.03242  73647.50  

5 4704.08  0.00133  17569  0.00470  36735  0.03452  91837.50  

4 4826.53  0.00154  23142  0.00532  44357  0.04378  110892.50  

3 6530.61  0.00238  25438  0.00964  53189  0.06695  132972.50  

2 6887.76  0.00223  31754  0.00802  58217  0.05173  145542.50  

1 6489.80  0.00198  37680  0.00682  69564  0.03904  173910.00  

B 10581.63  0.00026  25501  0.00096  79690  0.04900  1983669.90  

 719 

 720 

 721 
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Table A2. Nominal parameters of the KikuchiAikenLRB material 722 

Number Type Ar (m2) Hr (m) Gr (kN/m2) Ap (m2) pb (kN/m2) αp (kN/m2) β 

2 1000 0.785 0.20 390 - - - - 

52 800 0.483 0.16 390 0.020 7967 583 13 

5 900A 0.605 0.18 390 0.031 7967 583 13 

7 900B 0.613 0.18 390 0.023 7967 583 13 

43 1000 0.754 0.203 390 0.031 7967 583 13 

4 1100 0.912 0.224 390 0.038 7967 583 13 

2 1200 1.082 0.238 390 0.049 7967 583 13 

Ar and Ap: area of rubber and lead plug, respectively. 723 

Hr: Total thickness of rubber. 724 

pb:Yield stress of lead plug. 725 

αp: Shear modulus of lead plug. 726 

β: Ratio of initial stiffness to yielding stiffness. 727 

Appendix B 728 

A step-by-step guide on how to use the PDEM to a simple case study is presented as follows: 729 

For an undamped SDOF system, the free oscillation equation reads: 730 

 � +̈ ��� = 0 (B1) 

with the deterministic initial condition: 731 

 �(�)|��� = ��, �(̇�)�
���

= ��̇ (B2) 

In the analysis, the natural frequency of the system � is a random parameter uniformly distributed 732 

over the interval [5/4, 7/4], and ��, ��̇ take the values �� = 1 m, ��̇ = 0, respectively. 733 

First, partite the random space. As shown in Fig. B1, the random space of the natural frequency � 734 

is evenly divided into nres = 100 representative samples, thus the assigned probability of each 735 

representative sample is 1%. The median value of each representative sample is chosen as the 736 

representative point ��. 737 

 738 

Figure B1. The partite random space. 739 

Second, perform nres determine analyses. For each representative sample, conduct determine time 740 

history analysis with the corresponding representative point �� to obtain the velocity process of the 741 

target response ��̇(�). 742 

Third, Solve nres GDEEs. For each representative sample, solve the generalized density evolution 743 

equation (GDEE, Eq. (B3)) 744 

 �����
(�, ��, �)

��
− ��̇(�)

�����
(�, ��, �)

��
= 0 (B3) 

by the finite difference method with the total variation diminishing (TVD) scheme to obtain the joint 745 

probability density function (PDF) ����
(�, ��, �). 746 
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 747 

Figure B2. The PDF evolution surface. 748 

Fourth, Obtain the reliability. Synthesize all the results ����
(�, ��, �)(� = 1,2, ⋯ , ����) to obtain 749 

the PDF of the system. Figure B2 shows evolution of PDFs of the displacement with respect to time over 750 

a time interval [0.9, 1.1] s. The figures illustrate that PDF of the response is varying with time and quite 751 

different from the uniform distribution. 752 


