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Abstract: The displacement response of a building structure to earthquake excitations is crucial for assessing 12 

its seismic damage, which is usually accompanied by the structural nonlinear behavior. This study proposes 13 

an efficient method of quickly estimating the nonlinear displacement responses of seismically damaged 14 

buildings. By designing a set of sparsely and uniformly distributed samples in the multi-dimensional parameter 15 

space, this method traverses all these samples to find the best set of parameters for a parametric numerical 16 

model of the building that minimizes the error between the simulated and the measured responses. Compared 17 

to existing model-driven methods, the proposed method can efficiently match the high-dimensional parameters 18 

of the assumed parametric model without tedious and less robust iterative optimization, even if the 19 

instrumented building sustains severe seismic damage and deviates significantly from its initial state. The 20 

shaking table test data of a full-scale four-story reinforced concrete moment-resisting frame structure is used 21 

to justify the advantage of the method over the state-of-the-art optimization-based model-driven method. The 22 

proposed method successfully estimated the structural responses of all the stories of the building with an 23 

average error of 4.6% for the maximum inter-story drift across the five earthquake loading runs. It took only 24 

approximately 19 minutes to complete the calculation on a personal computer, which could be greatly 25 

accelerated given more computation cores because the traversal is inherently friendly to parallel computation. 26 

Keywords: post-quake quick assessment, RC frame structure, number theory sampling, seismic 27 

structural health monitoring, distributed nonlinearity. 28 

1. Introduction 29 

After strong earthquakes, quick and accurate assessment of structural seismic damage is important 30 

for decision-making concerning the immediate occupancy, rapid repairs, or evacuation of buildings [1, 2]. 31 

The maximum inter-story drift ratio (IDR) during an earthquake is an important engineering demand 32 

parameter that relates to both structural and non-structural damage at the story level [3]. According to the 33 

suggestion of seismic specifications, e.g., FEMA 273 [4], HAZUS-MH 2.1 [5], and GB/T 24335-2009 [6], 34 

the extents of seismic damage can be evaluated by comparing the IDR to predetermined limits [7]. 35 

Nowadays the practical methods of estimating the displacement time-history responses of buildings 36 

are commonly based on measured acceleration. Accelerometers have been widely used in structural 37 

health monitoring because of the ease of installation [8]. Existing methods can be categorized into data-38 

driven and model-driven ones, depending on whether or not a parametric structural model is used. The 39 

data-driven methods do not depend on a parametric structural model, but usually directly obtain the 40 

required displacement responses either by double integration of the measured acceleration data with 41 
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appropriate treatment of baseline drifting and noise and spline interpolation for un-instrumented floors 42 

[9, 10], or by training a non-physical metamodel of a variety of machine learning algorithms based on big 43 

data, such as artificial neural networks [11], convolutional neural network [12], recurrent neural network 44 

[13][14], and long short-term memory network [15]. However, without clear mechanical constraints, the 45 

accuracy and reliability of the first strategy are very sensitive to the quality of the sensor network, 46 

especially when low-cost sensors are favorable for real-world applications [16]. The success of the second 47 

strategy highly depends on reliable big data for training the metamodels, which are, unfortunately, scarce 48 

when it comes to the seismic responses of realistic building structures, especially when nonlinear 49 

responses are concerned [17]. Such scarcity has driven the many researchers in the field to generate the 50 

necessary data by the simulated responses of nonlinear structural models. But as the logic goes, one may 51 

wonder why not directly used the structural models to estimate the responses if they are assumed accurate. 52 

The model-driven methods estimate the structural seismic response by nonlinear time history 53 

analysis of parametric structural models with clear mechanical constraints and calibrated parameters 54 

against the instrumented real-world structures [18-21]. They have gradually risen to prominence because of 55 

the better interpretability guaranteed by the physical constraints embedded in the numerical models. If 56 

the updated structural model can accurately represent the instrumented structure, including its damage 57 

and nonlinear behavior, it is possible for the model-driven methods to capture the seismic responses even 58 

if the structure undergoes severe nonlinearity, no matter if it is distributed among the stories or 59 

concentrated in some specific ones. Therefore, the most challenging task in model-driven methods is to 60 

quickly and accurately estimate the many structural parameters in the parametric model, including mass, 61 

stiffness, damping ratio, and nonlinear hysteresis behavior of each story [8]. Any inappropriate values 62 

may cause large errors [22]. 63 

Most commonly, the structural elastic parameters can be estimated through ambient vibrations (i.e., 64 

wind, traffic, human activities) and parameter identification methods [23]. However, the structural elastic 65 

parameters determined from ambient vibrations can be different when subjected to severe ground 66 

motions [24-26]. Besides, the structural nonlinear parameters cannot be obtained from ambient vibrations. 67 

Therefore, the numerical model determined from ambient vibrations may significantly differ from the 68 

real-world buildings under moderate to severe earthquakes, resulting in inaccurate nonlinear 69 

displacement estimations. 70 

Simplified to a numerical model, a real-world building reduces to a point in the multi-dimensional 71 

parameter space. In this regard, estimating the structural parameters is a process of finding a point that is 72 

closest to the true point in the parameter space. In recent years, this task has been usually solved by 73 

optimization, either heuristic or gradient-based [27, 28]. These optimization methods, such as genetic 74 

algorithm (GA), particle swarm optimization (PSO), and stochastic gradient descent (SGD), usually 75 

operate by creating a set of sample points and progressively converge to the true point by minimizing an 76 

objective function with predefined rules. For example, Xu and Mita [20] proposed a method of estimating 77 

the maximum drift of shear structures using a genetic algorithm and a single accelerometer, assuming 78 

that the mode shapes are known and do not change during strong earthquakes. For reproducing 79 

displacement time history of a structure, He et al. [7] used the particle swarm optimization to search for 80 

the optimal values of the parameters of a simplified mass-spring shear model. Aytulun and Soyöz [21] 81 

proposed a methodology to estimate the nonlinear parameters of simplified models by Simulated 82 

Annealing method for assessing the damage of tall buildings after earthquakes. 83 

Despite its wide applications, the combination of optimization methods and numerical models has 84 

several limitations. First, optimization is computationally intensive because it typically uses a population-85 
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based search approach, where a set of candidate solutions is evaluated in each iteration [29]. Second, the 86 

convergence can be slow since these algorithms must strike a balance between exploration and 87 

exploitation to prevent a premature convergence, and the search process is guided by probabilistic rules 88 

[30]. Third, these methods usually fail in dealing with high-dimension problems, due to the parameter 89 

space tends to grow exponentially with the increase of the number of parameters [31]. Therefore, a method 90 

of quickly and accurately estimating the structural nonlinear responses of building structures based on 91 

limited measured data and structural information has not yet been well established. 92 

Instead of the tedious iterative process of optimization, the true point can always be found by 93 

traversing every point in the parameter space, although it is impractical to implement due to the 94 

unaffordable computational effort. To make it feasible, one may choose a much smaller subset of samples 95 

in the parameter space and find a best-matched one with the least error. This subset of samples needs to 96 

be sparse and uniform in the parameter space to ensure an accurate estimation with minimal 97 

computational effort. Considering the high dimensions of structural nonlinear parameters, the number 98 

theory sampling may provide a promising tool to meet this challenge [32, 33]. It was first proposed in 1978 99 

to design missile experiments within a total of 50 tests, in which 6 parameters and 12 levels for each 100 

parameter were required [34]. To reduce the computational efforts of a problem involving multiple random 101 

parameters, Li and Chen [35] applied the number theory sampling to the probability density evolution 102 

method in the analysis of nonlinear stochastic structures. The efficiency of the method was increased by 103 

approximately 100-300 times with the aid of the number theory sampling. 104 

Taking advantage of the number theory sampling, this study proposed a novel model-driven method 105 

for estimating the nonlinear displacement response history of instrumented buildings. By sparsely and 106 

uniformly traversing the model parameter space, the best-matched model can be captured with the least 107 

error between the measured and estimated responses. Its implementation and superior performance over 108 

existing optimization-based model-driven methods are demonstrated on the shake table test of a full-109 

scale four-story RC moment-resisting frame structure. Meanwhile, the critical parameters within the 110 

method are analyzed to illustrate the robustness of the method. This method offers a feasible solution for 111 

seismic monitoring, characterized by its high efficiency and accuracy, thereby providing a cost-effective 112 

structural deformation monitoring system. 113 

2. Proposed method 114 

2.1 Basic ideas 115 

As aforementioned, a real-world building structure can be approximated by a numerical model with 116 

finite parameters, which represents a point in the parameter space. For an undamped single degree of 117 

freedom system, its dynamic characteristic is governed by the mass m and the stiffness k. To estimate the 118 

displacement response of this system, it is necessary to find the point (m, k) in the parameter space shown 119 

in Fig. 1. An intuitive strategy is traversing every point within the space and matching the best one by 120 

minimizing errors. In practice, a subset of sample points can be chosen and the one with the least error 121 

can be taken as the best-matched one and used to update the numerical model for estimating the structural 122 

responses. The distance between the sample points determines the maximum likely error between the 123 

best-matched one and the true point. Hence, the sample points must be distributed uniformly. 124 
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 125 

Figure 1. Example of parameter selection. 126 

The most widely used strategy of sampling point sets is to choose the grid points in the parameter 127 

space. However, the total number of grid sampling points increases exponentially with regard to the 128 

dimensions, rendering the computational efforts prohibitively large with more than two dimensions. A 129 

similar problem was encountered in high dimensional numerical integration [35]. The computational 130 

efforts of multi-dimensional numerical integration increase rapidly against the dimensions to use all the 131 

grid points in the computation. A practical tradeoff for high-dimensional problems is the Monte Carlo 132 

simulation (MCS), including the improvements such as the Latin hypercube sampling (LHS), which 133 

reduces the dependency on the problem’s number of dimensions. However, the convergency of such 134 

simulation is in essence of random nature and the maximum likely error is consequently of random nature 135 

too. In contrast, the family of number theory samplings (NTS) can generate a set of uniform points in a 136 

multi-dimensional space, and therefore presents a promising alternative to solve this problem. 137 

2.2 Number theory sampling 138 

Among the family of number theory samplings, the Hua-Wang method is of fair accuracy and 139 

efficiency [34]. For the s-dimensional hypercube [0, 1]s, an appropriate integer generator vector (n, z1, 140 

z2, …, zs) can be used to construct a set of uniform points: 141 

��,� =
���

�
− int�

���

�
�  (� = 1,2, … , �;  � = 1,2, … , �) (1) 142 

where int() takes the remaining integer after trimming the fraction part, n is the total number of points. 143 

The above number theory method has been successfully implemented in different fields, say, in the test 144 

design and the multi-variable statistical analysis. For the convenience of application, some tables for 145 

values of the integer vector (n, z1, z2, …, zs) are available in Hua and Wang [34]. 146 

Figure 2 shows the distribution of the 1st and the 2nd dimensions of the n = 30 sampling points 147 

generated by MCS, LHS and NTS in a 6-dimensional space [0, 1]6. The samples generated by MCS are 148 

arbitrarily distributed in the parameter space. Many points may crowd in some subdomains while they 149 

are absent in some other subdomains. In this example, only two samples fall in the shaded band if MCS 150 

is used [Fig. 2(a)]. LHS is a technique emphasizing uniform sampling of univariate distributions. It can 151 

ensure that the sampling points are uniformly distributed across each dimension. However, as shown in 152 

Fig. 2(b), it fails to guarantee a uniform distribution in the multi-dimensional space. Although six samples 153 

fall in the shaded band like in the other bands, five of them are concentrated on the top region but none 154 

in the middle region. In contrast, NTS overcomes this problem and provide uniformly distributed samples 155 

across each dimension [Fig. 2(c)]. If grid point set is used, n = 27000 sample points are otherwise needed 156 

to get the same uniform distribution as the NTS samples of n = 30 in the 6-dimensional space [Fig. 2(d)]. 157 

k
m

True parameter

Samplings
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 158 

Figure 2. Sampling points by (a) Monte Carlo, (b) Latin hypercube, (c) number theory, and (d) grid. 159 

As aforementioned, the distance between sample points decides the maximum likely error between 160 

the true point and the sampling points. It is shown that, for the same computational efficiency, the NTS 161 

has a much more uniform distribution. Thus, it is feasible to find a best-matched point that is close enough 162 

to the true parameter point in the parameter space.  163 

2.3 Proposed procedure for displacement estimation 164 

Figure 3 shows the proposed procedure of estimating the nonlinear displacement responses of each 165 

floor of an instrumented building. The following six steps are performed to implement the method. 166 

Step 1: data acquisition. This method requires the ground acceleration time history, ag, and the 167 

floor acceleration and displacement time histories, ai and di. The latter can be readily estimated by double 168 

integrating the floor acceleration time history with proper band-pass filtering [36]. 169 

 170 

Figure 3. Framework of the proposed method. 171 
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Step 2: model selection. Select the appropriate simplified parametric model with proper hysteresis 172 

relationships according to the type of structural systems and the number of stories of the building of 173 

concern. 174 

Step 3: model initialization. Identify the fundamental frequency and damping ratio of the first 175 

mode of the structure from its ambient vibration to determine the linear elastic properties, and set initial 176 

values for the other parameters (usually the nonlinear ones) according to empirical recommendations and 177 

engineering rules of thumbs. 178 

Step 4: sample generation. Select an appropriate number of samples n and generate the sample 179 

points by Eq. 1. Each dimension of these sample points can serve as a scale factor for an individual 180 

parameter in the initial model, thereby generating n sample models. 181 

Step 5: model matching. Perform nonlinear response analysis of all the sample models subjected 182 

to the measured ground acceleration time history ag, and evaluate the average relative root mean square 183 

error (RRMSE) between the Fourier spectrum values of the measured floor response ai and di and the 184 

estimated ones ��� and ��� as defined in Eq. 2. 185 

RRMSE��� =
1

2�
� �

‖�(���) − �(��)‖�

‖�(��)‖�

+
������� − �(��)�

�

‖�(��)‖�

�

�

���

(2) 186 

where n is the number of instrumented floors other than the base floor; ai and di are the measured 187 

acceleration response and integral-derived displacement responses of the i-th instrumented floor, 188 

respectively; ���  and ���  are the estimated acceleration and displacement responses of the i-th 189 

instrumented floor, respectively; ‖∙‖� is the L2-norm; F(∙) represents the Fourier spectrum values within 190 

the range of 0.2 to 5 s. The objective function consisting of equal weighting for both accelerations and 191 

displacements following the suggestion of He et al. [8]. 192 

Step 6: Best-matched response output. Pick the sample model that gives the least RRMSEave as 193 

the best-matched model and output the full responses simulated by this model for estimating the desired 194 

the peak IDRs of each floor of the instrumented building. 195 

3. An instrumented full-scale RC structure tested by E-Defense shake table 196 

The proposed method is applied to the shaking table test of a full-scale four-story RC structure by 197 

E-Defense to demonstrate its implementation procedures and to justify its effectiveness. The E-Defense 198 

shake table is a three-dimensional earthquake testing facility, the largest in the world with a plan 199 

dimension of 20 m  15 m and a payload of 1200 metric tons. The shake table was constructed by the 200 

National Research Institute for Earth Science and Disaster Resilience, in the city of Miki, Japan, and 201 

operating since 2005. The instrumented full-scale RC building of concern was tested in 2010 [36]. The 202 

experiment involved subjecting two geometrically identical specimens, one of RC and the other of post-203 

tensioned concrete structures, to seismic excitations. These specimens were placed side by side on the 204 

shake table. For each specimen, the lateral load resisting system consists of two-bay moment-resisting 205 

frames and a pair of shear wall-frames in X and Y directions, respectively. This study focuses on the 206 

moment-resisting frame structure (X direction) of the RC specimen (the one on the right-hand side in 207 

Fig. 4) for demonstration purposes. 208 
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 209 

Figure 4. The test specimens on the E-Defense shake table. 210 

3.1 Details of the test building 211 

The RC building specimen had a plan dimension of 14.4 m in the X direction (longitudinal direction) 212 

and 7.2 m in the Y direction (transverse direction) and a total height of 12 m with an equal story height 213 

of 3 m. It was fixed to the shake table via a foundation of 1.2 m height at the base. The plan and elevation 214 

layouts of the RC test structure are given in Fig. 5. The building was designed as per the Building 215 

Standard Law of Japan [38], the Architectural Institute of Japan (AIJ) recommendations [39, 40], and also 216 

the US design practice [41]. All columns had equal cross sections of 500 mm  500 mm, while the shear 217 

walls had a cross section of 250 mm  2500 mm. The beams along the X direction had a cross section of 218 

300 mm  600 mm and along the Y direction a cross section of 300 mm  300 mm for the exterior frames 219 

and 300 mm  400 mm for the interior frame. The beams at the exterior frames connected the shear wall 220 

with the moment-resisting frame. The floor and roof slabs were 130 mm thick and were supported by the 221 

beams of 300 mm  400 mm cross sections along the Y direction, spaced at 1.5 m center to center to 222 

reduce deflection. Full details regarding the reinforcement of all the structural members are referred to 223 

Yenidogan et al. [42]. 224 

 225 

Figure 5. Plan and elevations of the RC moment-resisting frame test specimen (unit: m). 226 

During the test, accelerometers were placed in the center of two spans on each floor to monitor the 227 

floor acceleration responses, and laser displacement sensors were set up between adjacent floors to 228 

measure the Inter-story drifts. The measured results from the two accelerometers on each floor (denoted 229 

by ‘l’ and ‘r’, respectively) are averaged as the acceleration time history of that floor (ai) to counteract 230 

the potential effects of rotation. The measured acceleration time histories along the X direction at the 231 
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ground and the floor level, ag and ai, will be used in the input for the proposed method to estimate the 232 

inter-story drifts of all the floors in the same direction. The estimated inter-story drifts will be compared 233 

with those measured by the laser displacement sensors to evaluate the accuracy of the proposed method. 234 

3.2 Test runs 235 

The specimen was subjected to a series of white-noise and as-recorded earthquake excitations scaled 236 

to different amplitudes [Fig. 6(a)]. Two earthquake records obtained in the 1995 Hyogo-ken Nanbu 237 

earthquake, namely, the JMA-Kobe and JR-Takatori records, were selected as the seed ground motion 238 

records. The JMA-Kobe record was scaled to 10%, 25%, 50%, and 100% of the acceleration time history 239 

of the as-recorded ground motion, while the JR-Takatori record was scaled to 40% and 60% of the 240 

acceleration time history of the as-recorded motion. The test structure was subjected to the ground motion 241 

excitations simultaneously in the three translational directions.  242 

In the test, the specimen remained in the elastic range during the JMA-Kobe-10% and JMA-Kobe-243 

20% runs, while it exhibited significant nonlinearity and sustained considerable structural damage in 244 

subsequent loading runs [36, 42, 43]. Wide spread concrete cracking was observed in the JMA-Kobe-50% 245 

run. The beam-to-column joints cracked in shear, the cover concrete spalled and the rebar buckled at 246 

column ends and in the boundary elements of the shear walls in the JMA-Kobe-100% run. The damage 247 

further propagated and developed in the JR-Takator-40% and JR-Takatori-60% runs to make the structure 248 

reach a near-collapse status. 249 

Focusing on the nonlinear responses of the structure and also because of the absence of published 250 

data for the JMA-Kobe-10% run, this study uses the five loading runs of No. 4, 6, 9, 12, 14 listed in Fig. 251 

6(a) in the following analysis. The measured ground motion acceleration time histories and response 252 

spectra of the first floor ag in the X-direction are depicted in Fig. 6(b) and (c). The white noise runs 253 

immediately before the five earthquake runs are used to identify dynamics properties of the structure 254 

before the respective earthquake run. 255 

 256 

Figure 6. (a) Test runs, (b) measured ground acceleration ag, and (c) response spectra of ag (5% 257 

damping). 258 
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4. Implementation of the proposed method 259 

4.1 Model selection 260 

The multi-degree-of-freedom (MDOF) mass-spring shear model as shown in Fig. 7(a) is used in the 261 

following analysis. It has been repeatedly shown to be capable of successfully simulating the seismic 262 

response of low-rise buildings such as the 4-story test building of concern, which is supposed to be 263 

dominated by shear deformation [44]. The hysteresis behavior of each story is simulated by a shear spring 264 

of the Takeda model [45] with a peak-oriented hysteresis curve [Fig. 7(b)] and a trilinear skeleton curve 265 

[Fig. 7(c)] to properly simulate the hysteresis characteristics of the RC moment-resisting frame structure 266 

with affordable computational complexity. The skeleton curve is defined by the elastic limit point (ue, Qe) 267 

and the yield point (uy, Qy). The unloading stiffness kul is equal to the initial stiffness k1 and is given by 268 

Eq. 3 once the yield strength Qy is exceeded in either direction. The inherent damping of the model is 269 

simulated by the commonly used Rayleigh damping. The parameters are determined to ensure the same 270 

damping ratio of h for the 1st and 2nd modes. 271 

��� = �� �
��

��

�
�.�

(3) 272 

where ky is the slope of a line joining the yield point in one direction to the cracking point in the other 273 

direction. um is the maximum deformation attained in the direction of the loading, and uy is the 274 

deformation at yield. 275 

 276 

Figure 7. Simplified model for the test specimen: (a) lumped mass model, (b) hysteresis curve, and (c) 277 

skeleton curve. 278 

4.2 Parameters for initial model 279 

Since the 4-story test specimen had almost identical design for each story, the hysteresis properties 280 

of each floor are assumed to be identical. Therefore, to complete the selected model for nonlinear time 281 

history analyses, the required parameters include the story mass mi of each floor, the elastic limit 282 

deformation ue, the elastic limit strength Qe, the yield deformation uy, the yield strength Qy, and the 283 

damping ratio h. 284 

As a first guess, the elastic limit and yield deformations, ue and uy, are assumed to be 0.002H and 285 

0.005H, respectively, according to the empirical suggestion of GB/T 50011-2010 [46] that the limit-state 286 

inter-story drift ratio (IDR) for RC moment-resisting frame buildings is 0.002 to sustain slight damage 287 

(elastic limit) and is 0.005 to sustain irreparable damage (yielding), where H is the story height. In 288 

addition, it is assumed that the secant stiffness associated with the yield point ky is one-third of the initial 289 

stiffness k0, that is, ky=k0/3 according to AIJ [39], and that the post-yield stiffness is zero. These initial 290 

guesses only provide a reasonable anchor point for the traversal in the parameter space. Good choice of 291 
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the initial anchor point may enhance the probability of the true point residing within a bounded parameter 292 

space due to the impracticality of assuming an infinitely expansive parameter space. 293 

Given ue, uy and the assumed relationships between the tangent stiffnesses of the skeleton curve, the 294 

elastic limit strength Qe and the yield strength Qy can be readily determined if the initial stiffness k0 is 295 

known. To this end, the fundamental period T1 is identified from the ratio of the Fourier transforms of 296 

roof acceleration ar to that of the ground acceleration ag during the white noise run immediate before the 297 

JMA-Kobe-25% run (No. 4) by the peak-picking method [47]. The identified T1 and the presumed m 298 

uniquely determine the initial stiffness k0 for the uniform 4DOF system. For this, the fundamental period 299 

is identified as 0.43 s, which is consistent with the results by Yenidogan et al. [42]. The first-mode damping 300 

ratio h is identified by the stochastic subspace identification method [48], and any outcomes lying out the 301 

range of 50% to 150% results of the half-power bandwidth method [49] are filtered out. It is identified as 302 

5.7%, which is close to the suggested value of 5% in most current design codes for RC building structures 303 

[46][50]. The identified outcomes from the undamaged structure are employed to decide the initial 304 

parameters for all the subsequent earthquake loadings. 305 

4.3 Sample generation 306 

Taking the initial model as an anchor point, sample models are generated by scaling the initial 307 

parameters by uniformly distributed sampling points in the nine-dimensional logarithmic space of the 308 

scale factors for the nine parameters m1, m2, m3, m4, ue, uy, Qe, Qy, and h. Since the initial values of the 309 

parameters are determined according to empirical recommendations and engineering rules of thumbs, 310 

they are supposed to hold a certain level of accuracy. Therefore, the undamaged structure is more likely 311 

to appear near the initial point and the value of some parameters may significantly deviate from the initial 312 

guess because of the severe damage of the structures experienced during the multiple earthquakes. Very 313 

small or very large-scale factors should not be blindly excluded from the traversal. In updating the model 314 

parameters by optimization-based model-driven methods, He et al. [7] and Shan et al. [51] allowed the scale 315 

factors for stiffnesses, strengths, and damping ratios to vary between [0.1, 10], [0.1, 5], and [0.2, 4], 316 

respectively.  317 

 318 

Figure 8. Sampling points in the logarithmic parameter space. 319 
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logarithmic space to find the best-matched point. Among them, the damping ratio h is generated to 321 

uniformly distribute in the [1%, 10%] logarithmic space, without referring to the initial value. The initial 322 

point also represents a valid sample model. Therefore, there is a total of 1001 sample models for the 323 

following traversal. To avoid wasting computational efforts on unrealistic samples, the initial stiffness k0 324 

is set to be no less than the secant stiffness ky, and the yield strength Qy is no less than the elastic strength 325 

Qe. Their distributions in the 9-dimensional logarithmic space are depicted in Fig. 8. 326 

4.4 Model matching 327 

For each earthquake loading, all the 1001 sample models are traversed and the best-matched sample 328 

model is picked by evaluating the discrepancy of the simulated floor responses from the nonlinear time 329 

history analyses of the sample model and measured ones in terms of RRMSEave in Eq. 2. Figure 9 shows 330 

the contour projection of the RRMSEave in the ue-h parameter space. The globally best-matched model 331 

for each load run is marked by red circles. Beyond the regions where the global optima lie, it is evident 332 

from the RRMSEave contours that there are also some regions of local optima, which may be very 333 

challenging for existing optimization-based model-driven methods [51]. 334 

During the five earthquake runs, only the best-matched parameters for the No.4 25%-JMA-Kobe 335 

run fall near the initial point, while the best-matched parameters of the other four runs are found to move 336 

away from the initial point as loading runs. This suggests that a sparse search for global optimums in a 337 

large parameter space is necessary for structures that have experienced multiple earthquakes. 338 

 339 

Figure 9. Contour projections of RRMSEave in the parameter space. 340 

The RRMSEave is the average RRMSE of the floor displacement and acceleration responses between 341 

the measured and the estimated ones. As shown in Fig. 10, the time histories of the roof displacement 342 

and acceleration responses, ��� and ���, match well with the measured experimental values, dr and ar, 343 

although differences are observed where the experimental results show higher responses, especially for 344 

the JMA-Kobe-100% and TR-Takatori-40% loadings.  345 
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 346 

Figure 10. Comparisons between measured and estimated time histories: (a) roof displacements and (b) 347 

roof accelerations. 348 

4.5 Full responses of the best-matched model 349 

The best-matched model identified for each earthquake loading is then used to estimate the full 350 

structural responses to the respective earthquake loading. Figure. 11 compares the estimated peak IDRs 351 

of each floor and the maximum IDR time histories with the experimentally measured ones. It can be seen 352 

that the estimated peak IDRs of each floor closely match to the measured results. As a fair reference, 353 

Figure. 11 also displays the integrated drifts, derived from double integrating the measured accelerations 354 

and band-pass filtered with a cutoff frequency of 0.2-10 Hz. 355 

The integrated displacements exhibit certain errors compared to the measured results by 356 

displacement sensors, particularly under the JMA-Kobe-25% and JMA-Kobe-50% runs. It demonstrates 357 

the shortcomings of the double integration process for its dependency on the careful selection of an 358 

inappropriate high-pass cutoff frequency during filtering, which is a challenging task because of the 359 
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uncertainty of sensor quality, ambient noise, and dynamic property of the instrumented building in 360 

various scenarios. Nonetheless, the proposed method exhibits strong robustness against such errors in the 361 

integrated displacements even if they are involved in the objective function in Eq. 2. This is primarily 362 

attributed to the inherent physical constraints of the model-driven methods and the weighted average 363 

nature of objective function among accelerations and displacements. 364 

 365 

Figure 11. Comparisons between the measured and estimated: (a) peak IDRs of each floor and (b) 366 

maximum IDR time histories. 367 
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For the JMA-Kobe-25% run, the time histories of the maximum inter-story drift responses match 368 

well with the experimental results, although a difference is observed where the experimental results show 369 

higher responses in the range of 17 to 20 s. During the JMA-Kobe-25% loading, the measured hysteretic 370 

behavior of base shear force is nearly linear with the global drift [36]. Hence, the observed good agreement 371 

between the numerical and the experimental results in terms of inter-story drift response history 372 

demonstrates the ability of the numerical model to well estimate the linear elastic properties during minor 373 

earthquakes.  374 

For the JMA-Kobe-50% run, the inter-story drift history shows good agreement with the experiment. 375 

However, in this case, there is some deviation between the phase of the estimated time history and the 376 

experimental results in the range of 17 to 22 seconds. This results in a large RRMSE error between the 377 

two, but has little effect on the peak IDR response of concern to the structure. 378 

For the JMA-Kobe-100% run, the experimental observations indicate that the test specimen 379 

experienced severe damage, including joint shear deformation, compressive failure in concrete at column 380 

wall bases, partial spalling of cover concrete from columns, longitudinal bar buckling, and crushing at 381 

boundary zones [43]. The nonlinear response prediction of the numerical model during 100% shaking is 382 

satisfactory.  383 

For the TR-Takatori-40% and TR-Takatori-60% runs, the structure was severely damaged. Thus, 384 

the time signatures of the plots vary significantly, indicating that the progressive damage observed in the 385 

experiment is accurately captured by the numerical model by the elongation of the natural period. The 386 

time histories of the maximum inter-story drift responses match well with the experimental values.  387 

In summary, the best-matched model found by the proposed method can estimate the structural 388 

maximum inter-story drift responses that align closely with the experimental results, regardless of 389 

whether the structure is nearly linear or severely damaged. 390 

5. Discussions 391 

5.1 Estimated strength capacity curves 392 

Figure 12 depicts the skeleton curves of the first floor of the best-matched model picked by the 393 

proposed method for the five earthquake runs. They are compared with the same skeleton curves of the 394 

respective initial models and the measured hysteresis curves of the base shear and inter-story drift of the 395 

first floor during the test in Fig. 12. The base shear is the sum of the inertial forces of the upper floors, 396 

which are calculated by multiplying the measured floor accelerations and the arbitrarily assumed story 397 

mass [52]. 398 

As observed in Fig. 12, the measured hysteresis curves exhibit significant nonlinearity as the loading 399 

amplitude increases in the last four earthquake loadings. The skeleton curves of the best-matched models 400 

deviate much from the initial ones prior to all the earthquake runs. They suggest strong preference for a 401 

gradually decreasing strength over the pre-assumed one, especially for the No. 12 and 14 runs during 402 

which the structure exhibited significant nonlinear deformation. 403 
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 404 

Figure 12. Comparisons of the estimated strength capacity curves and the measured hysteretic curves. 405 

5.2 Influence of sampling strategy 406 

The outcomes of a particular sample strategy were extrapolated to different sampling strategy 407 

combinations. By comparing the estimated results with the measured ones, their average relative errors 408 

of each floor (Eave) and relative errors of the maximum peak IDR over floors (Epeak) were computed. 409 

Figure 13 and 14 provide a summary of the results from each of the five earthquake runs as well as their 410 

average results. 411 

When the sample range [1/R, R] is smaller than [1/3, 3], both the Epeak and Eave first fall with a 412 

sampling size of 1001 points, but they subsequently increase monotonically (Fig. 13). The structural 413 

properties of the prototype building gradually changed from their original state as a result of the 414 

sequential earthquake loadings. While a broad sampling range may lower the sampling density around 415 

mildly damaged structure, a narrow sampling range may eliminate parameters of significantly damaged 416 

structures from the sampling region. 417 

 418 

Figure 13. Estimated errors changed with sampling ranges: (a) relative errors of the maximum peak 419 

IDR over floor, Epeak and (b) average relative errors of each floor, Eave. 420 

The Epeak and Eave first drop with the increase in the sampling size when it is less than 1000 points 421 

with a sampling range of [1/3, 3], but subsequent decrease of errors becomes more challenging (Fig. 14). 422 

Instead of scaling linearly with the sampling size, the sampling density scales logarithmically in a fixed-423 
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size parameter space. Therefore, greatly increasing the number of samples does not improve accuracy 424 

proportionately, while it results in enormous computational work. 425 

 426 

Figure 14. Estimated errors changed with sampling numbers: (a) relative errors of the maximum peak 427 

IDR over floor, Epeak and (b) average relative errors of each floor, Eave. 428 

Figure 15 compares the effectiveness of commonly-used univariate sampling technique LHS with 429 

the adopted NTS in the proposed traversing-based method. For a fair comparison, the results of LHS are 430 

the average among three random runs. Although LHS may occasionally provide similar or even smaller 431 

errors in some specific runs, NTS achieves much smaller estimation errors than those of LHS in most 432 

runs. 433 

 434 

Figure 15. Comparison with LHS sampling: (a) relative errors of the maximum peak IDR over floor, 435 

Epeak and (b) average relative errors of each floor, Eave. 436 

5.3 Comparison with an optimization-based model-driven method 437 

As aforementioned, the proposed method designs a set of sparsely and uniformly distributed 438 

samples in the parameter space and traverses all these samples to find the best-matched set of parameters 439 

for a numerical model of the building. On the contrary, the widely used methods for estimating the 440 

nonlinear displacement response history of buildings are based on optimization, which operate by 441 

creating a set of sample points and progressively converge to the true point by minimizing an objective 442 

function with predefined rules. Among these methods, the particle swarm optimization (PSO)-based  443 

model-driven method proposed by He et al. [8] stands out as the most widely used one, and therefore, is 444 

used for comparison with the proposed method based on traversal. The optimization was performed by 445 

the optimization toolbox in MATLAB. The swarm size is set to 200 and the iteration step is set to 30 446 

according to Shan et al. [51]. The parameter space for PSO is set to be consistent with the proposed method. 447 

All the other parameters adopted the default values for the algorithm. 448 

Figure 16 compares the peak IDRs of each floor of the building estimated by the best-matched 449 

models of the proposed method and the PSO identified models with the measured results for the five 450 
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earthquake runs. The results by the initial models are also depicted for comparison. When the structure 451 

remains linear elastic in the JMA-Kobe-25% run [Fig. 16(a)], PSO can identify the parameters more 452 

accurately near the initial model. However, for other runs where the structure is severely damaged [Fig. 453 

16(b) to (e)], the peak IDRs estimated by the best-matched models match better with the experimental 454 

results. 455 

 456 

Figure 16. Comparisons of the measured and estimated peak IDRs. 457 

The identified parameters by the PSO are also added to Fig. 9 in comparison with the best-matched 458 

parameters by the proposed method. It clearly shows that the PSO-identified parameters did reach some 459 

local minimum with smaller RRMSEave than its surrounding parameters. However, they are quite far 460 

away from global minimums found by the best-matched models of the proposed method in all earthquake 461 

runs. This observation is consistent with the results in Fig. 16 that the PSO performs worse than the 462 

proposed method, and enhances the advantage of the proposed traversal-based method in avoiding falling 463 

into a local minimum, even if the building suffered different extents of seismic damage and deviated 464 

significantly from its initial state. 465 

Figure 17 summarizes the relative errors of the estimated IDRs by the different models. Except for 466 

the JMA-Kobe-25% run, the Eave of the best-matched models are much less than the PSO identified ones 467 

[Fig. 17(a)]. The Epeak [Fig. 17(b)] might be more crucial in estimating the damage status of the building 468 

structure. Across the five earthquake loadings, the Epeak of the best-matched models are 11.8%, 1.1%, 469 

0.5%, 3.0%, and 6.9%, respectively, averaging at 4.6%. Meanwhile, the PSO identified and the initial 470 

models have an average Epeak of 46.6% and 62.7%, respectively. In this regard, the proposed method 471 

significantly outperforms the PSO method. The results from the JMA-Kobe-25% run also suggest that 472 

the initial model, which is designed based on engineering expertise, possesses a certain level of accuracy. 473 

It can be utilized to procure a fairly accurate estimation of structural elastic responses and assist in 474 

identifying the best-matched models by providing an accurate initial reference. 475 

Rather than the improvement in the prediction accuracy, a more important issue is the ability of the 476 

proposed method to globally search for nonlinear parameters in severely damaged structures during 477 

major earthquakes. The estimation error of the proposed method remains stable throughout the five 478 

earthquake runs. Conversely, the estimation error of the widely used PSO method increases substantially 479 

as the structural damage intensifies. The results show that the proposed method exhibits significantly 480 

better adaptability to severely damaged building structures. 481 
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 482 

Figure 17. Comparisons of peak IDRs between the measured data and the estimated responses by the 483 

best-matched, PSO identified, and initial models. 484 

While the proposed method outperforms the PSO method in terms of accuracy, it also outperforms 485 

the latter in terms of its high computational efficiency. On a regular personal computer with a 12 vCPU 486 

Intel(R) Xeon(R) Gold 5320 CPU @ 2.20GHz, the time spent by the two methods to estimate the 487 

structural responses are 19 and 250 minutes, respectively. The commonly used methods take iterative 488 

processes of optimization, which costs most of the computational effort and cannot meet the requirement 489 

for quick estimation. The proposed method can design a sparsely and uniformly distributed sample point 490 

set in the multi-dimensional space and avoid the tedious optimization by traversing these samples, thus 491 

achieving the quick and accurate estimation after earthquakes within a few minutes. 492 

6. Conclusions 493 

In this study, we proposed a novel model-driven method of estimating the nonlinear displacement 494 

history of instrumented buildings during earthquakes by sparsely and uniformly traversing the model 495 

parameter space. Its implementation and superior performance over existing optimization-based model-496 

driven methods are demonstrated on the shake table test of a full-scale four-story RC moment-resisting 497 

frame structure. The following conclusions can be drawn from the results. 498 

(1) The proposed method can quickly estimate the nonlinear displacement responses of a building. 499 

For the highly nonlinear responses of the 4-story RC building in the shake table test, the proposed method 500 

can estimate the structural maximum inter-story drift ratio with only a 4.6% average error of the 501 

maximum peak IDR over the five earthquake loadings in 19 minutes on a personal computer. It 502 

outperforms the state-of-the-art optimization-based model-driven method, which consumes 250 minutes 503 

to yield an average error of 46.6%. 504 

(2) The proposed method can globally search for nonlinear parameters in severely damaged 505 

structures during major earthquakes. The estimation error of the proposed method remains stable 506 

throughout the five earthquake runs, while the estimation error of the state-of-the-art optimization-based 507 

model-driven method increases substantially as the structural damage intensifies. 508 

(3) The adopted number theory sampling is more evenly distributed in high-dimensional space than 509 
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the commonly used Latin hypercube sampling, thus the former achieves much higher accuracy for 510 

matching the best model under the same computational efforts. 511 

(4) The skeleton curves of the best-matched models show good agreement with the experiment, 512 

even if the structure is significantly damaged and near collapse. The proposed method can accurately 513 

estimate the nonlinear displacement responses of structures subjected to multiple earthquakes. 514 

Several aspects of the proposed method are worthy of further investigation, especially the 515 

applicability for high-rise building structures prone to the concentration of lateral displacement. It is 516 

worth mentioning that the number theory sampling can be integrated with any methods that contain 517 

sampling and augment their accuracy and efficiency, such as the PSO method and the Kalman filtering 518 

method. 519 
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